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ABSTRACT

We study two sub-Nyquist sampling schemes for multiband signals known as multicoset
sampling and multiple-input, multiple-output (MIMO) sampling. A multiband signal is one
whose Fourier transform is supported on a set F C R consisting of a finite union of intervals.
Unlike uniform sampling, multicoset sampling allows perfect reconstruction of a multiband
input at sampling rates arbitrarily close to its Landau minimum rate equal to the Lebesgue
measure of F. We derive perfect reconstruction conditions, an explicit interpolation formula,
and bounds on the aliasing error for signals not spectrally supported on F. We also examine the
performance of the reconstruction system when the input contains additive sample noise. Using
these measures of performance, we optimize the reconstruction system. We find that optimizing
these parameters improves the performance significantly. There is an increased sensitivity to
errors associated with nonuniform sampling, as opposed to uniform sampling. However, these
errors can be controlled by optimal design, demonstrating the potential for practical multifold
reductions in sampling rate. Multicoset sampling is applicable to Fourier imaging problems like
synthetic aperture radar and magnetic resonance imaging, where the objective is to image a
sparse object from limited Fourier data.

We then study the MIMO sampling problem, where a set of multiband input signals is
passed through a MIMO channel and the outputs are sampled nonuniformly. MIMO sampling
is motivated from applications like multiuser communications and multiple source separation.
MIMO sampling encompasses several sampling strategies as special cases, including multicoset
sampling and Papoulis’s generalized sampling. We derive necessary density conditions for sta-
ble reconstruction of the channel inputs from the output. These results generalize Landau’s
sampling density results to the MIMO problem. We then investigate a special case of MIMO
sampling called commensurate periodic nonuniform MIMO sampling, for which we present re-
construction conditions. Finally, we address the problem of reconstruction FIR filter design,
formulating it as a minimization and recasting as a standard semi-infinite linear program. Ow-
ing to the generality of the MIMO sampling scheme, the design algorithm readily applies to

several sampling schemes for multiband signals.
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CHAPTER 1

INTRODUCTION

1.1 Sub-Nyquist Sampling of Multiband Signals

The classical sampling theorem, attributed to Whittaker, Kotelnikov, and Shannon, states
that a low-pass signal can be recovered perfectly from its samples taken at a finite rate. Shan-
non’s original statement [1, pp. 11] of the classical sampling theorem is that “if a function f(t)
contains no frequencies higher than W cycles per second, it is completely determined by giving
its ordinates at a series of points spaced 1/2W seconds apart.” Since Shannon’s paper, there
has been a long history of research in the area producing several important results in sampling
of multiband signals and nonuniform sampling [2-5]. The term multiband generally refers to a
signal whose spectrum is supported on a set F C R consisting of a finite union of finite intervals.
Sometimes, however, F is any real measurable set of finite measure.

In the context of multiband sampling, Landau [6, 7] proved a fundamental result that the
sampling density needed for stable sampling and reconstruction of a signal is lower bounded
by the Lebesgue measure of the spectral support. Landau’s result applies to any arbitrary
nonuniform sampling scheme and arbitrary spectral support of finite measure. We can see
offhand that a multiband signal can be recovered from its uniform samples if the sampling
rate is large enough to prevent aliasing. The smallest such rate is called the Nyquist rate. For
many signals, especially those whose spectral supports are sparse, the Landau minimum rate is
significantly smaller than the Nyquist rate, and it is worth exploring efficient representations for
such signals using low sampling rates. This motivates the study of sub-Nyquist sampling and
the desire to approach Landau’s minimum sampling rate. Naturally, one needs to sample the
signal nonuniformly to hope for sub-Nyquist sampling. Thus, the emphasis in this dissertation
is to explore the advantages of nonuniform sampling which has to be addressed by more complex

reconstruction systems, instead of its role as a “necessary evil” in much of the previous work.



From a practical perspective, sub-Nyquist sampling is essential in many Fourier imaging
applications such as synthetic aperture radar (SAR) and magnetic resonance imaging (MRI),
where the physics of the problem gives us measurements of an unknown sparse object in its
Fourier domain [8-11]. The problem is to recover the unknown object from these measurements.
Very often, there is a cost associated with acquisition of samples, and it becomes desirable to
sample minimally and exploit the sparsity (i.e., multiband structure) in the object to form its
image. The Fourier imaging problem is precisely a dual of the sub-Nyquist sampling problem
with the roles of frequency and space interchanged.

In this dissertation, we investigate several issues pertaining to two sub-Nyquist sampling
schemes: multicoset sampling and multiple-input multiple-output (MIMO) sampling. Multicoset
sampling is essentially a periodic nonuniform sampling scheme that allows us to approach
Landau’s lower bound on the sampling density asymptotically as the period of the sampling
pattern goes to infinity. We study the perfect reconstruction problem for multicoset sampling
of multiband signals. We investigate the performance of multicoset sampling, and ways to
optimize it.

MIMO sampling is a very general sampling scheme where a set of multiband signals un-
dergoes time-invariant filtering through a MIMO channel, and the outputs are subsequently
sampled nonuniformly. Again, the objective is to recover the inputs from the output sam-
ples. The spectral supports of the inputs need not all be the same. This sampling scheme
is motivated by problems in multichannel deconvolution, where MIMO channels occur natu-
rally. Nonetheless, MIMO sampling is equally important from a theoretical viewpoint, as it
encompasses a large class of sampling schemes including Papoulis’s generalized sampling [12],
multicoset sampling, and vector sampling [13]. Our main contributions are necessary density re-
sults for MIMO sampling. These results are generalizations of Landau’s classical density results
[6, 7] for sampling and interpolation of multiband signals. We also provide theorems (sufficient
conditions) for perfect reconstruction reconstruction, and address the design of optimal finite

impulse response (FIR) reconstruction filters.

1.2 Layout

This dissertation is organized as follows. Chapters 2 and 3 deal with multicoset sampling
of multiband signals, and Chapters 4, 5, and 6 deal with MIMO sampling of multiband signals.
The term multiband signal always refers to one whose spectral support is a finite union of finite

disjoint intervals, except in the context of necessary density results (Chapter 4), where they can



be arbitrary measurable sets of finite measure. The chapters are written such that each chapter
may be read independently of the others. In every chapter, we introduce necessary definitions
and notation, and review some relevant results from the previous chapters.

In Chapter 2, we investigate the sub-Nyquist multicoset sampling of multiband signals.
We derive perfect reconstruction conditions and present an explicit interpolation equation.
We also study the performance analysis of the multicoset sampling scheme which includes
bounds on the aliasing error due to signal mismodeling, and sensitivity to noise as inferred
from the noise amplification factor when the sample measurements are contaminated by white
noise. These performance measures indicate that some multicoset sampling patterns are better
than others for a given class of multiband signals. Based on these results we investigate, in
Chapter 3, the problem of optimal sampling and reconstruction. Specifically, we show how to
choose the optimal reconstruction filters, the optimal base sampling period, and examine briefly
the problem of optimal sampling pattern design. We also study the suitability of multicoset
sampling for the so-called packable class of signals for which uniform sampling at the Landau
minimum density is possible.

In Chapter 4, we formulate the problem of MIMO sampling of multiband signals. We
first introduce some definitions pertaining to sampling stability and notions of lower and up-
per sampling density, and then we derive necessary conditions for stable sampling using the
mathematical framework of Hilbert spaces. These results include lower bounds on the sam-
pling densities of the sampling sets, and conditions on certain singular values of the channel
transfer function matrix. We also derive similar conditions for the dual problem of consistent
reconstruction, which is an analogue of the interpolation problem in [6]. All these results are
generalizations of Landau’s density results for classical multiband sampling.

In Chapter 5, we examine a special case of MIMO sampling where the channel outputs
are sampled either uniformly or on periodic nonuniform sampling sets. We present necessary
and sufficient conditions for stable and perfect reconstruction. Using these results we solve
the reconstruction filter design problem in Chapter 6. We present discrete time models for
the MIMO channel and conditions for perfect reconstruction for this problem. We formulate
the design problem as a minimization of an appropriate cost function, and then recast it as a
semi-infinite linear program. We solve it numerically for a few design examples. Finally, we

present concluding remarks and areas of possible future work in Chapter 7.



CHAPTER 2

SUB-NYQUIST MULTICOSET SAMPLING: PERFECT
RECONSTRUCTION AND ALIASING ERROR BOUNDS

2.1 Introduction

The classical sampling theorem states that a signal occupying a finite range in the frequency
domain can be represented by its samples taken at a finite rate. Often attributed to Whittaker,
Kotelnikov, and Shannon, a more precise statement of this so-called WKS sampling theorem
is that a real lowpass signal, whose Fourier transform is limited to the range (— fo, fo), can be
recovered from its samples taken uniformly at the rate fs = 2fy (the Nyquist rate) or higher
[1].

Sampling a signal x(¢) uniformly at fs causes the resulting spectrum to contain multiple
copies of the original spectrum X ( f) located with uniform spacing of fs between adjacent copies.
Hence, the choice fs; > 2fy guarantees no overlaps in the sampled spectrum, and thus allows
recovery of the original signal by a lowpass filtering operation. This is the key idea behind the
classical sampling theorem. For efficient sampling, it is desirable to attain the lowest sampling
rate possible, and this is characterized by the absence of gaps or overlaps [14] in the spectrum
of the sampled signal. Unfortunately, in the case of bandpass signals, it is not always possible
to eliminate gaps in the sampled spectrum. However, it is possible to minimize them. Some
results on bandpass sampling can be found in [2,3]. Thus, while uniform sampling theorems
work well for lowpass, they are quite inefficient for representing certain bandpass signals and,
more generally, for multiband signals, i.e., signals containing several bands in the frequency
domain. We refer the reader to Papoulis [12] and Jerri’s tutorial [4] for some generalizations of
the WKS sampling theorem.

To quantify the sampling efficiency for signals with a given spectral support F, we define
its spectral span [F] as the smallest interval containing F, and its spectral occupancy as {2 =

p(F)/u([F]), where p(-) denotes the Lebesgue measure. The Nyquist rate fpnyq for signals with



spectral support F is defined as the smallest uniform sampling rate that guarantees no aliasing,
ie.,
foyq =1Inf{0 >0: FN(nb® F) =0, Vn e Z\{0}},

where

boFY o+ f.fery

is the translation of the set F by 6. Then, the Nyquist sampling rate satisfies u(F) < fuyq <
p([F]). We say that F tessellates R or F is packable if fnyq = pu(F), and nonpackable otherwise
(fayq > (F)). In other words, the Nyquist rate for nonpackable signals exceeds the total length
of its spectral support. At the other extreme is the case foyq = p([F]) (totally nonpackable),
where uniform sampling cannot exploit the presence of gaps in F.

The general case of interest here is that of F being nonpackable such that the Nyquist
rate for sampling x(t) with spectral support F is fnyq > p(F). On the other hand, Landau [6]
showed that the sampling rate of an arbitrary sampling scheme for the class of multiband signals
with spectral support F is lower bounded by the quantity p(F), which may be significantly
smaller than the Nyquist rate. Thus, the spectral occupancy 2 is a measure of the efficiency
of Landau’s lower bound over the Nyquist rate. Because €2 can be low for certain nonpackable
signals (in fact, it is easy to construct examples of nonpackable F with arbitrarily small ),
uniform sampling is highly inefficient for such signals. Figure 2.1 illustrates a typical case of such
a nonpackable multiband signal. The Nyquist rate for this signal is fuyq = p([F]) = 4 (hence F
is totally nonpackable), whereas the Landau lower bound is p(F) = 2. The spectral occupancy
for this signal is 2 = 0.5, suggesting that it might be possible to sample and reconstruct the
signal twice as efficiently as sampling at the Nyquist rate. In this chapter, we examine the

problem of efficient sampling of nonpackable signals.

X(f)

A
\j

0 1 2 3 4

Figure 2.1 Spectrum of a nonpackable multiband signal.

Our results apply to the class of continuous complex-valued bandlimited signals of finite
energy with spectral support F, namely, B(F) = {z € L>(R)NC(R) : X(f) =0, f &€ F}, where
X(f) is the Fourier transform of x(t).



2.1.1 Nonuniform sampling

Uniform sampling is not well suited for nonpackable signals. However, it turns out that there
is a clever way of sampling the signal x(t) called multicoset sampling or periodic nonuniform
sampling at a rate lower than the Nyquist rate, that captures enough information to recover x(t)
exactly. Multicoset sampling and reconstruction from the samples will be described more fully
in the following sections. First, we survey some known work on nonuniform sampling. Kahn
and Liu [15] show how to represent and reconstruct signals from a multiple-channel sampling
scheme. They provide conditions for exact reconstruction from the sampling trains and relate it
to the maximum number of overlaps. Their sampling scheme, which is essentially a filter bank,
is more general than nonuniform sampling since their “analysis filters” are not required to be
simple delays. They express the reconstruction as the solution to a matrix equation, but do
not provide an explicit interpolation formula. Cheung and Marks [16, 17] show that multicoset
sampling allows sampling of 2-D signals below their Nyquist density. A similar treatment for
1-D and 2-D signals was done by Feng and Bresler [18], and Bresler and Feng [19], respectively,
in the broader context of spectrum blind sampling. Filter bank theory and periodic nonuniform
sampling is also used to obtain sampling rate reductions in [20-23]. Shenoy [24] and Higgins [25]
apply multicoset sampling to multiband signals that do not tessellate under translation. Their
results indicate that signals with certain spectral supports require a single interpolation filter
as opposed to more than one in the other analyses of the problem. In other words, the sampling
expansion is composed of time-translates of a single function. Simplicity of its implementation
is an obvious advantage of their scheme. However, because it only works for a restricted class
of signals, we do not consider their scheme here, focusing instead on multicoset sampling.

Herley and Wong [23], following [15], use filter bank theory instead, to suggest a sampling
scheme for minimum rate sampling. They choose the analysis filters of the filter bank to be
simple delays, i.e., H;(z) = 2=, and then show that some of the analysis channel outputs can
be discarded, and yet, the input signal can be reconstructed from the other channels. It is
clear that the reconstruction is performed by processing subsamples (obtained nonuniformly)
of the original sample train at the Nyquist rates. As the number of channels goes to infinity,
the average sampling rate converges to Landau’s minimum sampling rate, as expected. In fact,
all of the schemes proposed in [15-18, 23] achieve the Landau minimum rate asymptotically.
Although we do not adopt a filter bank approach and use a different notation, the work in [23]
will be the basis for all the analysis here.

In this chapter, we continue along the lines of [23] to examine the problem of nonuni-

form sampling. First, we present some new results about the sampling and reconstruction



scheme itself. Herley and Wong [23] suggest using an iterative projection onto convex sets algo-
rithm (POCS) to design the reconstruction filters, rather than derive an explicit reconstruction
formula. Unlike their analysis, we provide exact expressions for the interpolation filters, or
equivalently the explicit reconstruction formula for the sampling scheme. Beyond their obvious
practical advantage, these expressions are useful for analytical purposes. For instance, they are
useful for (a) analyzing the reconstruction error of the system; (b) quantifying the effects of
signal mismodeling, i.e., computing the aliasing error and output noise; and (c) optimizing the

system for the given class of signals.

2.1.2 Error bounds

Bounds on sensitivity to mismodeling of the signal are important to any sampling scheme.
They are particularly important for the sampling schemes considered here because these schemes
achieve what is impossible with other schemes: approach the Landau lower bound arbitrarily
closely. This raises the question of a possibly increased sensitivity to signal mismodeling and
sample noise, leading to an increased reconstruction error. Using our new explicit reconstruction
formula, we derive bounds on the peak amplitude or the energy of the error signal. We compute
bounds on the aliasing error for input signals in the class of functions B([F]), which is larger
than the class B(F). We find that the upper bound on the peak aliasing error takes the form

suplaft) 30| e [ XN,
as it usually does for various other schemes. The bounding constant o, can be used as a
performance measure of the system. Different systems can be compared based on their corre-
sponding bounding constants. In particular, Beaty and Higgins [26] derive a similar bound on
the aliasing error for packable signals. The bounding constant for their case is ¥, = 2. We

also derive a bound on the energy of the aliasing error which takes the form

e — ]2 < 7/)2\/ /W X(F)Pdf.

Finally, we derive an expression for the output noise power when the input is contaminated by
2,

additive white sample noise with variance o
(Ela(t) = 2(t)[*): = ¢no.

It turns out that the constants 1, 92, and 1, depend on some parameters that are free to
be chosen. An optimal choice of these free parameters would minimize 1., 2, or 1,. These
results can then applied to the design of sampling patterns, and this problem is addressed in

Chapter 3.



2.2 Multicoset Sampling

We begin with a few definitions essential to the development and analysis of the sampling
scheme. The class of continuous complex-valued of finite energy, bandlimited to a real set F

(consisting of a finite union of bounded intervals) is denoted by B(F):
B(F)={z e *R)NC[R): X(f) =0, f ¢ F}, F=|Jla: b, (2.1)
i=1

where

X(f) = [ s esp(-j2nsiyar

—o0
is the Fourier transform of x(t). The span of F, denoted by [F], represents the convex hull of
F, i.e., the smallest interval containing F.

Let x € B(F). We shall assume, with no loss of generality, that inf 7 = 0. In multicoset
sampling, we first pick a suitable the sampling period T (such that uniform sampling of x at
rate 1/T causes no aliasing), and an integer L > 0. We then sample the input signal x(¢)
nonuniformly at ¢t = (nL 4 ¢;)T for 1 < i < p, n € Z. The set {¢;} contains p distinct integers
chosen from the set £ < {0,1,...,L —1}. The sampling process just described can be viewed
as first sampling the signal at the base sampling rate of 1/T and then discarding all but p
samples in every block of L samples periodically. The samples that are retained in each block
are specified by {¢;}. The base sampling rate could be chosen equal to the Nyquist rate, i.e.,
1/T = fuyq, but never lower. However, we choose 1/T" = p([F]), because, sampling at this rate
always guarantees no aliasing for any F.

For a given ¢;, it is clear that the coset of sampling instants t = (nL + ¢;)T, n € Z is
uniform with inter-sample spacing equal to LT. We call this the ith active coset. We refer to
the set C = {¢; : 1 < i < p} as an (L,p) sampling pattern, and the integer L as the period of
the pattern. Figure 2.2 shows two multicoset sampling patterns corresponding to parameters
(L,p) = (5,3). All other patterns for these parameters can be obtained by cyclic shifts of the
patterns shown, namely C = {0,1,2} and C = {0,1,3}. Patterns related to each other by
cyclic shifts with or without reflections are essentially equivalent to each other in terms of the
associated reconstruction problems and their measures of performance.

Now, consider the following L discrete-time sequences obtained by zeroing out all samples

{z(nT)} except those at t = (mL + )T, m € Z:

z;(n) def x(nT) Z o(n—(mL+1)), 0<I<L,
meZ
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Figure 2.2 Two sampling patterns for (L,p) = (5,3): (a) C = {0,1,2}, and (b) C = {0, 1, 3}.

where §(0) = 1 and d(n) = 0 for n # 0. It is clear that the sequence z,. (n) contains the samples
of the ith active coset with samples separated by L — 1 interleaving zeros. It is straightforward

to verify that the discrete-time Fourier transform of the Ith sequence is

o0

X, (T = Z xy(n) exp(—j2mnfT)

n=—oo

S ) on 2E) &

which, using the fact that X(f) =0 for f ¢ [0,1/T), gives us

X,(97) = LTZX exp (Z), fem, (23)

where X,.(f) is defined as

X, (£) % X (f + 2 )\ € Fo), (2.4)
F % o [ %) (2.5)

and x(f € H) denotes the indicator function of a set H:

x(feH)déf 1 if feH,
0 if f¢H.

In other words, the spectral component X,.(f) is obtained by first using an ideal bandpass filter
to extract the signal in the frequency range r/LT < f < r+ 1/LT and then performing a
frequency-shift to the left by r/LT units. Denoting the inverse Fourier transform of X,.(f) by

x,(t), it is evident from the above definition that

x(t) = Z xr(t) exp <ji7¥t) (2.6)

The following is another result that can be deduced from Eq. (2.2) (or directly from the definition

of 2;(nT)):
X, (2RI (LINTY — p=g2mlr/L x (0327IT) e 7, (2.7)



We use Egs. (2.6) and (2.7) later in deriving the reconstruction equations. We now let | =
ci, 1=1,2,...,pin Eq. (2.3) to get

L—1 .
X, (207 = % Y exp (32726”)&( £, feF (2.8)

r=

This is the main equation relating the spectral components X,.(f) to the information contained
in the observed samples. Note that Eq. (2.8) for f € Fj, contains all the relevant information
present in the samples since, from Eq. (2.7), X, (e/?™*) is essentially “periodic” with period
1/LT. Reconstruction of the original signal z(t) is achieved if we recover its spectral components

{zr ()}

2.3 Reconstruction

We now focus on the problem of reconstructing x € B(F) from its multicoset samples. Herley
and Wong [23] considered the analogous problem for real signals, but did not, however, provide
an explicit reconstruction formula or system. We shall derive the reconstruction equations
formally and devise a multirate system to perform the reconstruction.

Our objective is to invert Eq. (2.8) to obtain X, (f). The recovery of x(t) is then merely
an application of Eq. (2.6). Notice that, if C and F satisfy certain conditions, the inversion of
Eq. (2.8) can be accomplished even though there are fewer equations (p) than unknowns (L)
for each f € Fy. This is possible because the sampled signal belongs to B(F), which is smaller
than B([F]).

Let F be the union of n bounded intervals as in Eq. (2.1), with the additional assumption
that

1
0:a1<b1<a2<bg<-~<an<bn:f
holds, with no loss of generality. Consider the finite set I' defined below:
def |LTa,| . | LTb; | .
r:{i— :1<<} {i_ :1<<}, 2.
a T <i<nyUJIb T <i<n (2.9)

where |-] is the floor function. Let T' = {71,72,...,7:m} be the elements of ' arranged in
increasing order. We have 73 = 0 as a consequence of a; = 0. We define vy/4+1 = 1/LT to

obtain
1

0=y <m<---< =—,
71 <72 YM+1 T

and a collection of intervals {Z,,} that partitions the set Fy

Iy = [7m77m+1)7 1<m< M.
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We prove the following fact involving the indicator function of F and the sets {Z,,} in Ap-
pendix A:

Lemma 2.1. For each r € L and m € {1,2,..., M} the function x(f +r/LT € F) is constant

on the interval Z,,.

Equivalently, the theorem states that each subcell of the form (r/LT) ® Z,,, r € L is
either fully contained in F or disjoint from it. This interpretation of the theorem motivates
the following definition of the spectral index sets K, and their complements K¢ for m €
{1,2,...,M}:

def T ¢ def
Km—{reﬁ.ﬁGBImC}'} and K¢ £\,

The index set K, tells us which subcells in the collection {(r/LT) ® Z,, : r € L} are “active”,
while K¢, indicates which of them are not. The following theorem, which is a restatement of

the main theorem in [23] using our notation, provides a necessary condition for reconstruction:

Theorem 2.1. Equation (2.8) admits a unique solution for X, (f) only if the indicator function
of F satisfies

q(f) = ZX<f+ % € f) <p, fe€Fo. (2.10)

r=

Furthermore, an equality in Eq. (2.10) is necessary for attaining Landau’s lower bound on the

sampling rate.

To make the dissertation self-contained, we provide a proof of Theorem 2.1 in Appendix A.

Equation (2.10) reduces to

p > maxgq,,, where ¢, =q(f), f€In (2.11)
m

because ¢(f) is constant on each Z,, by Lemma 2.1. Evidently, g, is the cardinality of the
set K. We denote the elements of K, and K¢, by {k,,(I) : 1 <1 < ¢} and {k5,(1) : 1 <
Il < L — qgn}, respectively. Later, we shall see that for a suitable choice of C, Eq. (2.11) is also
sufficient for unique reconstruction. In the following example, we show how to construct the

relevant IC-sets for the spectrum illustrated in Figure 2.3.

Example 2.1. Let the spectral support of our class of signals be 7 = [0, 1.3)U[2.7,3.7)U[4.5,5).
Comparing this with Eq. (2.1), we find that

al = 0, ag = 2.7, asz = 4.5, b1 = 1.3, b2 = 3.7, and b3 = 5.
The indicator function x(f € F) of the set F is shown in Figure 2.3(a). The length of F is

uw(F) = 2.8 and its span is [F] = [0,5). It can be checked easily that F is nonpackable and

11



hence the Nyquist rate for signals in B(F) is 1/T = p[F] = 5. Yet Landau’s lower bound gives
a rate of 2.8 and the corresponding occupancy is 2 = 2.8/5 = 0.56. Suppose we pick L = 5. We
see that Eq. (2.9) yields I' = {v9,71,72,73} = {0, 0.3, 0.5, 0.7}, containing M = 4 elements,
from which we construct sets 7, that partition Fo = [0,1/LT) = [0, 1):

T, =1[0,0.3), I,=1[0.3,05), I3=[05,0.7), I =1[0.7,1).

The following are immediately apparent:

q =3, K1 =10,1,3}, K ={2,4}.
g2 = 2, Ko = {0,3}, K5 ={1,2,4}.
q3 =3, Ks = {0,3,4}, 5 =1{1,2}.
qs =3, Ky =10,2,4}, K =1{1,3}.

Figure 2.3(b) shows the left-hand side of Eq. (2.10) plotted on the interval [0,1). Note that this
function is piecewise constant, equal to ¢, on each of the intervals {Z,,} which are color-coded
for convenience. Figure 2.3(c) shows the indicator function of F color-coded to show the active

subcells derived by translating Z,,.

In direct analogy to Eq. (2.4), we define

XD x (140 ez, (212)

However, beware of this definition since it is not equal to Eq. (2.4) evaluated at r = k;,(1). The
extra factor of x(f € Z,,) in Eq. (2.12) makes it different. The spectral component Xy, y(f) is
obtained by shifting the values of X (f) on the subcell (ky,(l)/LT) & Z,, to the origin. For each
m, we define a p X g,,, matrix A,,, and vectors y(f) € CP, =\ (f) € C¥, and z,,(f) € CL—om

as follows:
[w(H)i = TVLX, (*T)x(f € Fo),
[z (D] = Xn, ) (),
(£ = Xie, (1), (2.13)

(A = exp (22020,

Note that A,, is the submatrix of the L x L DFT matrix W}, obtained by extracting its rows
indexed by C, and columns indexed by C,,. We denote this by A,, = W (C,K). Next, using

12
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Figure 2.3 (a) Indicator function of the spectral support F of span 1/T = 5. (b) Left-hand
side of Eq. (2.10). (c) Active spectral subcells.

the fact that «,, (f) = 0 whenever x € B(F), we can rewrite Eq. (2.8) in matrix form over each

subcell Z,,, as follows:
y(f) = Anx(f), Vf€Tn, 1<m<M, (2.14)

At this point, we introduce the following two definitions that characterize the sampling

pattern C, of size p, in terms of the L x L DFT matrix W,.

Definition 2.1. Given an index set K with || = ¢ < p, we call C a K-reconstructive sampling

pattern if the matrix W (C, K) has full column rank.

Definition 2.2. A pattern C with |C| = p > ¢ is (p,q) universal if the matrix W (C,K) has
full column rank for every index set of ¢ elements, i.e., whenever || = ¢q. A (p,p)-universal

pattern is simply called universal.

For fixed values of p and ¢, the second definition is stronger than the first. For every
L and p < L, there always exists a (p,p) universal pattern. The bunched sampling pattern
C = {0,1,...,p — 1} is one such example because the resulting matrix A = W(C,K) is
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a Vandermonde matrix for any choice of K. This guarantees rank(A) = ¢ for any spectral
support with g < p active cells.

Equation (2.11), along with the assumption that A,, has full rank for each m (i.e., C being
K ,,,-reconstructive for each m) is necessary and sufficient for reconstruction. A simpler sufficient
condition is universality of C. For convenience we assume throughout that C is universal. This

guarantees the existence of a left-inverse A ! of A,,. Therefore, inverting Eq. (2.14) gives
xn (f) = ALly(f)
z,(f) = Cmy(f)

where, in order that =, (f) = 0 hold, C,, is any (L — ¢,,,) X p matrix satisfying

fE€Tn, me{l,..., M}, (2.15)

CmA, =0 (2.16)

for each m. The matrices A and C,, are nonunique unless p = ¢,,. In other words, there
is some freedom that can be used in designing a reconstruction system. The actual choice of
matrices does not affect the reconstruction, but does influence the bounds on aliasing error as
described later. This suggests that finding the optimal matrices is of interest. These equations
specify all the information required to reconstruct the spectrum X (f) on all its spectral subcells,
and hence z(t) itself.

The interpolation equation may be calculated from Eq. (2.15) in a rather messy but straight-
forward manner. The result is summarized in the following theorem, which we prove in Ap-

pendix A.

Theorem 2.2. Let x € B(F) be sampled on an (L,p) multicoset pattern C. Let K, m =
1,2,..., M denote the spectral index sets of F. Then, if C is K -reconstructive for each m,

x(t) can be uniquely interpolated from its multicoset samples according to the following formula:
P o0
2(t) =Y Y z,(nT)¢i(t — nT)

=2 > alle+LiT)ei(t = (ei+ L)T), (2.17)

where the functions ¢;(t), i = 1,...,p have Fourier transforms ®;(f) that are piecewise constant

on [F]:

cikm (1)
L

o) = | TV AR e if f € km(1)/(LT) & L, 2.18)
Z TVICnl, @ 2 if f € ke,()/(LT) & T,
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Corollary 2.1. The result in Theorem 2.2 holds if max,, ¢, < p, and C is universal.

Theorem 2.2 also holds for multicoset sampling of wide sense stationary stochastic processes
if the infinite summation in Eq. (2.17) is intrepreted as converging to the left-hand side in the
mean square sense. The analysis for this problem is similar to the classical analysis for lowpass
sampling of wide sense stationary processes [27].

The reconstruction scheme is illustrated in Figure 2.4. In the figure, ¥;(z) is a digital filter
whose impulse response is ¢;(nT"). The filters used are ideal. In practice, causal, possibly FIR
approximations are used, introducing some delay and distortion. The analysis of the resulting
error is analogous to the truncation error in classical cardinal series expansion and is beyond the
scope of this dissertation. However, we do consider the FIR filter design problem in Chapter 6.
In the rest of the chapter, we assume that the filters are ideal and concentrate on the aliasing

errors due to signal mismodeling.

t=nT | | | Xt
J > ZCi Z_ci — llf(Z) — — | ;()
X(t)

[ o %@ I

Figure 2.4 Multicoset sampling and reconstruction. The block “I” is an ideal sinc interpolator.

2.4 Error Bounds

For a system designed to sample and reconstruct signals in B(F), it is necessary that
Eq. (2.11) hold. In this case the reconstruction of z(t) would be exact. However, if = ¢ B(F)
then the signal Z(t) reconstructed using the right-hand side of Eq. (2.17) would be in error.
For example, this would happen if, while designing the system, we underestimate the spectral
support of signals we expect to encounter; i.e., if we choose to ignore certain frequencies that
contain negligible signal energy. The purpose of this section is to obtain bounds on the aliasing
error e(t) = Z(t) — x(t) resulting from an underestimation of the spectral support.

In the following analysis X (f) need not vanish on [F]\F, although we assume, for simplicity,
that X (f) =0 for f ¢ [F]. In other words, the spectral span [F] is specified correctly, but the
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multiband structure to which z(¢) is bandlimited within [F] may be misspecified. We shall first
derive bounds on the sup-norm and the L? norm of the aliasing error e(t) for the nonuniform
sampling process described in the last section.

Recall that K¢, = {k&,(I) : 1 <1 < L — gy} tells us exactly which spectral subcells in
the collection {(r/LT) ® Z,, : v € L} are inactive. Now, for each m € {1,2,..., M}, let
B,, = W(C,K,,) denote the p x (L — ¢,,) submatrix of the L x L DFT matrix W, whose

rows and columns are indexed by C and K¢, respectively, i.e.,

1 j2meiks, (1)
[BJa = ﬁ exXp <T) (2.19)
We can then rewrite Eq. (2.8) in matrix form as
y(f) = Apzy(f) + Buzp,(f),  f€Ln, (2:20)

where x (f) is the (L — g»,) x 1 vector defined in Eq. (2.13). Note that if z(t) € B(F), then
T,

Egs. (2.15), (2.16), and (2.20) that

(f) would vanish. Denoting the reconstructed signal by Z(t), it follows immediately from

Eh (f) = x5 (f) + AL B, (f),

(2.21)

for f € Z,,, where , (f) and Z,,(f) have definitions analogous to x;} (f) and ,,(f), respec-
tively. Define matrices D,,, and F,, (of sizes ¢, X (L—¢qn,) and (L — @) X (L — g ), respectively)
for each m as follows:
D,, = A.'B,,.
e Tme (2.22)
F,=C,B,, — I
These definitions will be used in the following subsections, where we present bounds on the

peak aliasing error, the aliasing error energy and evaluate the performance of the system in the

presence of input noise.

2.4.1 Sup-norm of the error

The following theorem provides the time-domain expression for the aliasing error.

Theorem 2.3. The aliasing error e(t) takes the form

M L_qm

e(t) =D > Nma®)zpe, 0y (t),

m=1 [=1
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where Ny, 1(t) for each 1 <m < M and 1 <1 < L — g, are continuous, LT-periodic functions
defined as

L=am ]27rkrm(r)t j2mkm (r)t
Tlm,l(t) - Z [Fm]rle LT + m rle LT
r=1

Furthermore, the peak value of e(t) satisfies the tzght bound

Sup| )| < 1/)/ Hldaf, o 4 hax < max |77m71(t)|>.

m \ 1<I<L—qm, t€[0,LT)]

We prove this theorem in Appendix A. The tightness of this bound is proved by demon-

strating an input signal that satisfies the equality in the bound. Note that the constant v can
be bounded from above as follows:

g j27rk (r)t
¢ I;Llfll’}f Tzz:l [Fm]rl exp ( + Z T’l exp T)

L—gm dm
< max max< Z I mrl‘+Z’[Dm]Tl’>:|
r=1

= e

where || - || is the maximum-column-sum norm for matrices (or the ¢; norm for column vectors.)

(o)

9

1

Hence, we obtain the weaker, but more tractable bound

sup e(t)] < v / X(f)|df, where o = max
t m

(2.23)
[FI\F

1

2.4.2 L?-norm of the error

Theorem 2.4. The energy of the aliasing error is bounded by
o0
/ e (t)dt < mn?x[/\max(F:qu + D;, D) Eout,

— 00

/ e2(t)dt > min[Apin(F*, Fo + D Dy o,

— 00

with both bounds being tight, where Eyyt is the out-of-band energy:

Eout = X (f)2df.
t /W| ()2
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Once again, the proof can be found in Appendix A. We are particularly interested in the

upper bound on the L?-norm of the error

lellz = / ()2t

It is clearly related to the spectral norm of the matrix composed of F,, and D,, as

D,
lellz < ¥2v/Eout,  where ¢y = max (F ) (2.24)

2
2.4.3 Performance in the presence of noise

We now consider the effect of additive white sample noise representing, for example, quan-
tization noise or sensor measurement noise associated with obtaining samples. We assume that

the input signal is a wide sense stationary process with its power spectral density supported on

F. The sampled signal can be modeled as
z(nT) = z(nT) + w(nT),

where w(n) is a noise process with E[w(mT)w(nT)] = 025(m —n), and x(t) is the actual signal
we would like to be sampling. Owing to its linearity, Eq. (2.17) directly gives us the following

expression for the output noise w(¢) which is independent of x(¢):
p o0
=> " wllei + LHT)ilt — (ci + Lj)T).
i=1 j=-—o00

We now have the following result for the noise power amplification, which is proved in Ap-

pendix A.

Theorem 2.5. The output noise w(t) is periodically stationary, with average power given by

(Elw(t)*)e = o, where g =T Z m) (1AL E + Cmll),

m=1

and || - | denote the Frobenius norm.

2.5 Summary

In this chapter, we have presented the analysis of a scheme for sampling multiband signals
below the Nyquist rate. The sampling scheme uses multicoset sampling and achieves the Landau

minimum sampling rate in the limit . — oo, where L is the period of the sampling pattern.
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However, for many spectra, the minimum rate can be achieved for a finite L. Typically, this
scheme is useful for sampling signals with sparse and nonpackable spectra.

We determined necessary and sufficient conditions for reconstructing multiband signals from
their multicoset samples and derived an explicit reconstruction formula. There are free param-
eters in the reconstruction equation when the Landau minimum rate is not achieved for the
particular value of L. We computed bounds on the aliasing error occurring in the event that
the signal lies outside the valid class of multiband signals, and the sensitivity of the system to
input sample noise. The constants in the bounds and the noise-sensitivity factor reveal that
some sampling patterns are better than others. In other words, these bounds, which quantify
the goodness of sampling patterns, can be viewed as cost functions to minimize to optimize the

sampling pattern and the choice of free parameters in the reconstruction formula.
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CHAPTER 3

OPTIMAL MULTICOSET SAMPLING AND
RECONSTRUCTION

3.1 Introduction

There has been a long history of research [2-5] devoted to sampling theory, with perhaps
the most fundamental and important piece of work in this area being the classical sampling
theorem. Also known as the Whittaker-Koteliiikov-Shannon (WKS) theorem, it states that a
lowpass signal bandlimited to the frequencies (— fy, fo) can be reconstructed perfectly from its
samples taken uniformly at no less than the Nyquist rate of 2fy [1]. Another important result
in sampling theory due to Landau is a lower bound on the sampling density required for any
sampling scheme that allows perfect reconstruction [6]. For multiband signals, this fundamental
lower bound is given by the total length (measure) of support of the Fourier transform of the
signal. Landau’s bound applies to an arbitrarily sampling scheme: uniform or not, and the
minimum rate may not be achievable except asymptotically. Landau’s bound is often much
lower than the corresponding Nyquist rate. This motivates the study of sub-Nyquist sampling
of multiband signals and their perfect reconstruction, c.f. [15-18, 20, 24, 28].

From a practical viewpoint, sub-Nyquist sampling is very important in several Fourier imag-
ing applications such as sensor array imaging, SAR and MRI, where the physics of the problem
provides us samples of the unknown sparse object in its Fourier domain [8-11]. Our objective
then, is to reconstruct the object from the Fourier data. Often times, it is expensive or phys-
ically impossible to collect many samples, and it becomes necessary to sample minimally and
exploit the sparsity (i.e., multiband structure) in the object to form its image. These problems
are, of course, duals to the problem considered here since the sparsity is in the spatial domain
and sparse sampling in the frequency domain.

For a given signal z(t), its spectral support F is defined as the set of frequencies where the

Fourier transform X (f) does not vanish, and the spectral span [F] is defined as the smallest
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interval containing F. We consider here only spectral supports that can be expressed as a finite
union of finite intervals, called bands. The set of multiband signals bandlimited to F is denoted
by B(F). Landau’s lower bound for these signals is p(F), where u(-) denotes the Lebesgue
measure. However, in general, the Nyquist rate fyyq for sampling = € B(F) without aliasing
(overlap between translates of F by multiples of fiy) is equal to the width of its spectral span:
Joyq = [F]. Hence, for multiband signals with sparse spectral supports [F], the Nyquist rate
can be much larger than the lower bound pu(F).

A favorable case is when the widths of the bands and the gaps between them satisfy special
relationships, so that there is no overlap between uniform translates of F by multiples of a
quantity fo < ([F]). In these cases, when the spectral support is packable, foyq = fo < p([F)).
The most favorable situation of these is when F tiles the real line under uniform translations,
i.e., is packable without gaps, or “F is an explosion of the interval” [2]. In this (very special)
case, fayq = 1(F), i.e., Landau’s lower bound is achievable by uniform sampling.

Instead, the case of interest to us in this chapter is the general case, with p(F) < fuyq <
w([F]). Without loss of generality, we focus on the extreme (worst) case of nonpackable F, such
that fnyq = p([F]).! For such multiband signals, it has been shown that perfect reconstruction
is possible from nonuniformly spaced samples taken at a sub-Nyquist average rate approaching
the Landau lower bound [15-18,20,28]. This discussion and intentional use of nonuniform
sampling are fundamentally distinct from other extensive recent work on nonuniform sampling
in which it is usually regarded as a “necessary evil,” imposed by sampling jitter or other physical
limitations [29-32]. In fact, the work in [29-32] typically addresses signals with lowpass spectral
supports, which, being packable, are best sampled uniformly, as we show later.

We note that the related problem of perfect reconstruction in filter banks (c.f. [33]) is
fundamentally different from the problem considered here. In the filter bank work, all samples
at the Nyquist rate are assumed available, and the analysis stage can be designed together with
the synthesis stage. In contrast, in our problem, Nyquist-rate acquisition is too expensive or
even impossible, and only the minimum number of samples of the continuous time signal is
acquired. As shown later, the filter bank interpretation for this is that the analysis filters are
restricted to the form of z~* where k € Z.

Given the obvious advantages of such reduced sampling rates (e.g., by a factor of 10, in one of
the examples in this chapter), one would expect extensive use and applications of these methods.

However, a very high sensitivity to errors has been observed in some cases [16,18]. In fact, it

ntermediate cases with pu(F) < fayq < [F] are reduced to this case by first sampling the signal at fuyq and
then considering the problem of further downsampling the discrete-time signal, which now has a nonpackable
spectral support.
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turns out that unless the sampling and reconstruction system is very carefully designed and
optimized, the sensitivity to small errors can be so great, that although perfect reconstruction
is possible with perfect data, the signal is corrupted beyond recognition in most practical
situations.

The goal of this chapter is to explore these limitations and develop systematic design meth-
ods to minimize the sampling rate and at the same time to minimize the error sensitivity of
the system. This will provide the necessary tools for practical applications of minimum-rate
sub-Nyquist sampling. We consider the problem of periodic nonuniform sampling and recon-
struction of multiband signals. We focus primarily on the results presented in Chapter 2, where
we derived an explicit reconstruction formula and a multirate realization for a sampling scheme
called multicoset sampling that allows us to approach the Landau minimum rate arbitrarily
closely. As an important tool for systematic feasibility evaluation and design of the system, we
derived estimates of the error resulting from signal mismodeling. More precisely, we derived
bounds on (a) the peak value and energy of the aliasing error resulting when the input signal
x(t) lies in B([F]), rather than B(F), and (b) the output noise variance when the input samples
contain additive white noise of variance 2.

In this chapter, we use these various bounds to optimize the performance of the sub-Nyquist
sampling and reconstruction system by minimizing the sensitivity bounds. It turns out that
the reconstruction system that provides perfect reconstruction of signals z(t) € B(F) in the
modeled class has free parameters, which can be chosen to optimize the sensitivity bounds. We
present closed-form, or otherwise efficient approximation numerical algorithms to solve these
optimization problems. Likewise, we use the bounds to determine the best sampling pattern
among all patterns that achieve a given sampling rate for a given F.

In addition, we solve the problem of an optimal choice of the base sampling frequency
to minimize the average sampling rate achievable by a design with a given sampling period
L. This allows us to minimize the sampling rate for a given system complexity, rather than
asymptotically, with L — oo. This problem is related to the problem of pairing band-edges of
F [28]. We provide a simple algorithm to solve the problem, whether or not Landau’s lower
bound is attainable for the particular F and choice of L.

We derive additional relationships and bounds that allow us to quantify the performance loss
in terms of increased error sensitivity due to nonpackability of the spectral support, and compare
uniform and nonuniform sampling patterns for packable spectra. Not surprisingly perhaps, we
find that uniform sampling is more suitable for packable spectra. Most importantly however, we

find that the sensitivity penalty for sub-Nyquist sampling of signals with nonpackable spectra
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can be controlled by optimal design, and by backing off slightly from the minimum rate. The
resulting low error sensitivities with multifold reductions from the Nyquist rate in our numerical

examples suggest that these techniques have considerable practical potential.

3.2 Multicoset Sampling

3.2.1 Signals and data

Let the class of continuous complex-valued signals of finite energy, bandlimited to a subset

F of the real line (consisting of a finite union of bounded intervals) be denoted by B(F):

B(F) ={x(t) e PR)NCR): X(f) =0, f ¢ F}, F=Jlai ba),
i=1

where
X(f) = / x(t) exp(—j2m ft)dt.
The span of F, denoted by [F], is the cofvex hull of F or the smallest interval containing F.
Definition 3.1. The spectral support F is said to be packable at rate fj if
FNn(Faenfo) =0, VneZ\{0},
where @ is the translation operator defined by
feF={f+x:2€S8}
for any real set F and f € R.

In other words, F is packable at rate fj if signals with spectral support F can be sampled
uniformly at rate fo without inducing aliasing. Hence, F is always packable at rate u([F]). We
call F nonpackable if it is not packable at any rate smaller that u([F]). We assume that F is
nonpackable and that inf 7 = a1 = 0 and sup F = b,: there is no loss of generality here because
any signal spectrum whose span [F] is known can be shifted to the origin by multiplication of
the signal in the time domain by a suitable complex exponential. Since multiplication and
sampling in the time domain commute, we are justified in making the assumption.

We now describe multicoset sampling. Given a bandlimited signal = € B(F), we obtain its
samples taken on a periodic nonuniform grid consisting of the sampling locations (nL+¢;)T, for
n€Zandi=1,...,p, where {¢;} is a set of p distinct integers in the set £ ={0,1,...,L— 1},
and 1/T is the base frequency which is at least equal to the Nyquist rate for x(t): 1/T > u([F]).
This is illustrated in Figure 3.1. In Section 3.4, we address the problems of selecting the optimal
base frequency 1/T and sampling pattern {c¢;}.
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Figure 3.1 Model for multicoset sampling.

3.2.2 Definitions and notation

This section is largely a collection of definitions and notations needed to describe the various

error bounds derived in Chapter 2. For any real set S € R, denote its indicator function by

1 if €S,
wresye

0 otherwise,

and for the given spectral support F = J;[a;, b;), define the finite set

LTa; LTb;
Fdéf{a,-—LL;d:1§i§n}u{bi—L lezlgign}, (3.1)
where | -] is the floor function. Suppose I' = {~1,72,...,7va} is the enumeration of the elements
of I' in increasing order, then 7; = 0 as a consequence of a; = 0. Furthermore, defining

Yyv+1 = 1/(LT), we see that
O=m <72 < <yuq = (LT)71,
and a collection of intervals {Z,,} that partitions the set Fy = [0,1/(LT)) is given by
Iy = ymy Ymt1), 1 <m < M.

As discussed in Chapter 2, the reason we partition Fy in this manner is that x(f € F)
is constant (either 0 or 1) for f € Z,,, @ r/(LT), and each pair of indices m and r. In other
words each subcell of the form Z,, @ r/(LT), for [ € L and 1 < m < M is either disjoint from
or fully contained in F. Now define spectral index sets K,, and their complements K,, for

m € {1,2,..., M} as follows:

Ky {reﬁz%@lmc}"}, K = L\
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The set K, contains the indices of subcells in the collection {r/(LT) & Z,, : r € L} that are

contained in F. The following example illustrates the construction of these sets.

Example 3.1. Suppose we want to design sampling patterns for a class of bandlimited signals
B(F) with o
21 2lm 21lm 1
7=[0.3)° U 1565 700 * 7))
which is nonpackable with [F] = [0,1) and = 0.1. Hence, the Nyquist rate equals u([F]) = 1,
and the Landau minimum rate is u(F) = 0.1. For the choice L = 20, we find that M = 19 and
I'={m/200: m =0,...,19}. Hence, the subcells in Fy = [0,1/20) and the spectral index sets

are given by

. [0,2/400) if m =1,
[M /400, (m +1)/400) 2 < m < 19,
0,1} ifm=1,

K. — {0, 1}

{0,m} 2<m<19.

Denote the number of elements of K,, by ¢, = |K;|- Then |/€m| — L — g,,. Observe that
q(f) = qm for all f € 7,,,, where

L—
a(n = Ox(f+§ €F), feF (3:2)

r—=

—_

Next, define the following matrices for each m:

A, =W_r(C,K,) ofsize: p X gm,
B,,=W_.(C,K,) ofsize: px (L~ qn),

(3.3)

where W, is the Lx L unitary DFT matrix whose (m, n) entry is W, = 1/vV/Lexp(j2rmn/L),
and W (C,K) denotes the submatrix of W, obtained by selecting its rows indexed by C and
columns by K. Observe that A,, and B,, satisfy

A, A% + BB, =I. (3.4)

These matrices play in important role in the error bounds, as we shall see later. A necessary and
sufficient condition for reconstruction of every signal z € B(F) is the existence of left-inverses
A;nl for each A,, such that A,;LlAm = I. This in turn requires that A,, have full rank for
each 1 < m < M. This motivates the definition of two notions of goodness that characterize

sampling patterns.
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Definition 3.2. Given an index set K with || = g < p, we call C a K-reconstructive sampling

pattern if the matrix W (C, K) has full column rank.

Definition 3.3. A pattern C with |C| = p > ¢ is (p,q) universal if the matrix W (C,K) has
full column rank for every index set K of ¢ elements, i.e., whenever || = ¢q. A (p,p)-universal

pattern is simply called universal.

The existence of a universal pattern is demonstrated by the bunched sampling pattern C =
{0,1,...,p — 1}. Tt is universal because the resulting matrix W (C,K) has a Vandermonde
structure for any |KC| = p. A (p, q) universal pattern is K-reconstructive for every K with || < ¢,
so that the second definition is stronger than the first for fixed p and ¢. Therefore, as shown
in Chapter 2, the set C has to be K,,-reconstructive for each m, for perfect reconstruction.
However, for simplicity we assume in the rest of this chapter that C is universal with p >
max,, ¢m,,. This automatically satisfies the reconstruction condition. In view of Eq. (3.2), this
condition reduces to p > maxy q(f). Hence, the average sampling rate fay, satisfies

L-1

R (F+77e7)
=1 > — . .
fave 7T 2 LTJI@%T:OX f+LT €F (3.5)

The equality in Eq. (3.5) is achieved for universal sampling patterns C with p = max,, ¢,.
The condition p > max,, ¢,, guarantees that A,, has full column rank for each m. Under this

condition, we obtain the following explicit reconstruction formula for z(¢) from its multicoset

samples:
2(t) =" > w((li+LiT)di(t = (e + L)T),
i=1 j=—00
where the functions ¢;(t), i = 1,...,p are (nonunique) interpolation filters. These filters can

be parameterized in terms of matrices A.! of size ¢, x p and C,, of size (L — ¢,,) X p, defined
by:
A 1A, =1, and C,A, =0. (3.6)

It is clear that these matrices are nonunique if p > ¢,,, and this reflects the nonuniqueness
of the interpolation filters. A multirate realization of the reconstruction scheme is illustrated
in Figure 3.2. The analysis part, to the left of the broken line, is a model for the multicoset
sampling process of the continuous-time signal (Figure 3.1). In other words, the simple structure
of the analysis part of the filter bank is dictated by the assumption that only samples on the

multicoset grid are available, while the synthesis part has a fully general structure. The digital
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filters W;(2), i = 1,...,p on the synthesis side are related to the interpolation filters by:
U,(z) = Z ¢i(nT)z"".
nez

The exact expressions for these interpolation filters in terms of Afn and C,, are given in
Chapter 2. We summarize the bounds below, as they will be the basis for all the results in this
chapter.

S (O (S SR

t=nT ‘ : X(t)
— = G O

e e B e (95 (O IF S RN S G S

SRS OO SET /

Figure 3.2 Multicoset sampling and reconstruction. The block “I” is an ideal sinc interpolator.

All our error bounds are expressed in terms of Afnl, C,, and S,, defined as:

A lB,,
S, = (CmBm B Iqm>' (3.7)

3.2.3 Error bounds

Assume that x(t) lies in B([F]) rather than in the class of signals for which it was designed,
namely B(F). Thus z(t) has out-of-band frequency components. This causes the reconstructed
signal Z(t) to be in error, which for simplicity we call the aliasing error. The following are some

error bounds derived in Chapter 2. The peak value of e(t) is bounded:
uple(t)] < v [ X(MS, where v = max |, (38)
t [FI\F "

while the energy of e(¢) and an upper bound on it are given by

o M
/ le(t)2dt = Z/ (@, () (858 m),,, (f)df, (3.9)
o0 m=1"+m

| lewPde <ot [ XGIPE b = max Sl (3.10)
—o0 [FNF m
where @, (f), defined for f € Z,,, are vectors containing the out-of-band signal components:
_ k =
z(f) = {X(f+ ﬁ) ke /cm}, feTn.
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Suppose the input samples x(nT') contain additive white noise w(n) with variance o2 repre-
senting, for instance, sensor noise or quantization error associated with sampling. Then the

corresponding output noise has average power equal to
M
(Ela)P) = 0*tn, ta =T w(Zn) (|4 [E + ICmll7). (3.11)
m=1

The bounds in Egs. (3.10) and (3.11) are tight because there exist nonzero input signals that
satisfy the bounds with equality, however Eq. (3.8) need not be a tight bound. All three bounds
depend only on a measure of the out-of-band signal content, which is either the magnitute of

the spectrum | X (f)| or its square integrated over the out-of-band region [F]\F.

3.3 Optimal Reconstruction

The multiplying constants 9, 2 in the bounds in Egs. (3.8) and (3.10) are nondecreasing
functions of the 1- and 2-norms, respectively, of the matrix S, for each m. Hence, our problem
is to ensure that S, has the smallest norm possible for each m. This is clearly a collection of
mutually independent problems. So, for the sake of readability, we drop the index m everywhere
from now on with the understanding that the solution needs to be applied to each m. Given
sampling pattern C and a spectral index set K, our objective is to pick appropriate matrices

A1 and C that satisfy A7'A =T and CA = 0 (viz. Eq. (3.6)) and minimize the norm of

S = <(/:4;_BI>, (3.12)

where “norm” means either || - [|2 (spectral norm) or || - ||; (maximum-column-sum norm). The
other possibility is to minimize the output noise power in Eq. (3.11). A close look at this
expression reveals that we need to minimize (for each fixed m) the quantity ||[A™|% + ||C||%
over all valid matrices A~! and C.

Note that if p = ¢, the matrix A is square and hence the left-inverse A~! is unique. Also
the only matrix C that would satisfy C A = 0 is trivial, namely C' = 0. In other words, there
are no free parameters when p = ¢q. Therefore, the reconstruction system only needs to be
optimized when p > ¢q. We assume that p > ¢, in the rest of the section. The other point
to note is that the optimization needs to be carried out for each value of the index m, the
subscript we have chosen to omit. We will see in a moment that the selection of the best A
and C' to minimize (a) the spectral norm of S, and (b) the output noise power in Eq. (3.11)
can be solved analytically. Minimizing the quantity ||S|; is a little harder however, requiring

the use of numerical methods.
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3.3.1 Minimizing the aliasing error energy

The following lemmas (whose proofs can be found in Appendix A) address the problem of

minimizing the bounding constant v for the aliasing error energy in Eq. (3.10):

Lemma 3.1. The solution X, to the problem
in||R+X
min[|R+ X Q|2

for given R and Q with compatible dimensions, is X, = —RQ", where QT is the pseudo-inverse

of Q. Furthermore, X, simultaneously minimizes all singular values of R+ X Q.

Lemma 3.2. Let (A B) be a p x L submatriz of the L x L DFT matrix W whose entries are
W n = exp(—j2mmn/L), with possible rearrangements of the columns. Suppose that A, with

q < p columns, has full rank. Then the minimization of the largest singular value of S,

A'B
CB-1

performed over all matrices A~' and C that satisfy A~ A =TI and CA = 0, has the solution

; (3.13)

min ||.S||2 = min

Al = AT =(A"A)'A" and C.=B"(I - AAT), (3.14)

and the corresponding minimum value of the objective function is

max A*A -1 7’ Y
[Sxllz = VAdua((AZA) ifp <L (3.15)

0 ifp=1L.
Furthermore, the solution in Eq. (3.14) simultaneously minimizes all singular values of S, and

therefore also its Frobenius norm.

Next we address the problem of optimizing the actual reconstruction in terms of the aliasing

error energy.

Theorem 3.1. The choice of optimal matrices A7' and C, in Lemma 3.2 minimizes the actual

aliasing error energy for each x(t) € B([F]) as well as the aliasing error bound in Eq. (3.10).

Proof. Equation (3.14) clearly minimizes the constant s in Eq. (3.10), or equivalently the
bound itself. Moreover, Lemma 3.2 says that the solution in Eq. (3.14) minimizes all the
eigenvalues of S*S. Hence, S*S — S5, is nonnegative definite for any feasible S. Examining
the expression for the actual aliasing error energy (Eq. (3.9)), we see that the quantity in

Eq. (3.14) is indeed the best solution. O
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Remark. Suppose that p < L. Then for the choice A™' = AT and C = 0, Eq. (3.12) yields

;
S = (A_ }3 ), whose spectral norm can be shown to be

1812 = \/ Amax(ATB(AIB)* + 1) = \/ Anar(AT (A1)
= \/)‘maX((A*A)_l) = [|S,|l2-

using Eq. (3.4). Thus the pair (A™!,C) = (A',0) produces the optimal constant multiplier
19 in Eq. (3.10), but does not minimize the actual aliasing error energy. In other words these
matrices produce the same worst case, but not the same case-by-case performance as the optimal

matrices in Eq. (3.14).

3.3.2 Minimizing the output noise power

We seek the optimal matrices A~' and C that satisfy A™'A = I and CA = 0 and
minimize 1, in Eq. (3.11), or equivalently, |A™'||2 + ||C||%. This is a fairly easy problem
because C and A~! are independent of each other and the objective function is separable.
Therefore, we need to compute min 41 |A™!||% and mine ||C|/% individually. For the second
term C, = 0 is clearly the unique solution, while for the first term, we use the representation
A7l = A" 4 X P where P is the projection operator onto the null space of A* namely
pY (I-AAT) = (I-A(A*A)~'A*). This representation is justified in the proof of Lemma 3.2
in Appendix A. This yields the following minimization

min A1} = min | AT + X P}

Applying Lemma 3.1, we obtain the minimizing solution X, = —ATP' = —ATP = 0. There-
fore, A7l = A'. Finally,

|AT|lr = [tr(AT(AD))2 = ar((A7A) D). (3.16)

3.3.3 Minimizing the peak aliasing error

The relevant quantity to minimize in order to obtain the tightest bound in Eq. (3.8) is the
I-norm of the matrix S defined in Eq. (3.12):

A'B , Al I
<C’B —I) 1 subject to < C >A = <0> (3.17)

The problem of choosing A~ and C' to minimize || S||;, unlike the spectral or Frobenius norms

min
C,A!

of S cannot be solved analytically. We resort to numerical methods instead. As shown in the
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proof of Lemma 3.2, we can represent A~ and C' as follows:
Al'=AT+ X,P and C = X,P, (3.18)

where X is a ¢ X p matrix, and X9 a (L — ¢) X p matrix. We can now rewrite Eq. (3.17) in

(17) - ()es

where Sy = (A_T }3 ), X = (§;), and M = PB. This problem may be solved approximately

an unconstrained form as

min

i Em}}nHSo—i—XMHh (3.19)

1

using a linear program. We first rewrite Eq. (3.19) as follows
min d subject tod > ||zi[1, Z =S¢+ XM.

Each constraint ||z]|; < d can be approximated by the set of linear inequalities:

K
Zumik exp(—j2rk/K) = zpmi, Vm,i

= L K
D umik<d, Vi

m=1 k=1

Umik => 0, VYm,i,k.

This region is clearly a subset of ||z;|| < d, but it can be verified easily that it is a superset of the
region ||z;|| < d/cos(w/K). Hence, the approximate linear program produces an answer that
is accurate to within a factor of cos(n/K) of the correct answer. Hence, the normalized error
is bounded by 1 — cos(r/K) < 72/(2K?), and the approximation is quite good for moderately
large K. This is essentially like approximating circles by K-sided polygons. The optimization

in Eq. (3.19) can also be solved using semi-infinite linear programming [34].

3.3.4 Lower bounds on v, 9, and 1,

The choice of sampling pattern C that minimizes the optimal constants 1, 12, and vy, is
a difficult problem. It is therefore useful to know, even before attempting such a design, how
small these constants can be made. In this section we present lower-bounds on these “error
gain constants” ||S||2, ||[A||r, and ||S|;. These are the relevant quantities that affect the
bounds in Egs. (3.8), (3.10), and the noise power in Eq. (3.11). All bounds presented here are
independent of the sampling pattern and only depend on L, p, and gq.
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Suppose we denote the (real positive) eigenvalues of the g x ¢ matrix A*A by Ai, Ag, ..., g
in decreasing order. Then we have from Eq. (3.15) that

113 = 1S4l3 = Amax((A*A)™H) = o (3.20)
q

where S, is optimized to obtain the lowest aliasing error energy. Of course \; > 0, since A is
assumed to have full rank. Notice that we can use the fact that |A;;| = 1/v/L to bound the

average eigenvalue A\, = tr(A*A)/q:

'QlH

q p
ZZ |Ay* = % (3.21)
=1 j=1

This result along with Eq. (3.20) and A\; < Aum yields

1Sz > \/%. (3.22)

Our next bound on ||Af|z provides an estimate for the worst-case output noise power. Equa-

tion (3.16) implies that

q
JAT|F = tr((A*A)™) =) A" = q/dnm,
i=1

where Apy, is the harmonic mean of the eigenvalues. Using the standard inequality Apm < Aam
and Eq. (3.21), we immediately obtain
L

IAT|[7 = tr((A*A) ™) > = P (3.23)

We refer the reader to [35] for some stronger bounds on the eigenvalues of these matrices, but
they hold only for special sampling patterns and bandpass spectral supports. Our next theorem

concerns the tightness of the bounds in Egs. (3.22) and (3.23):

Theorem 3.2. The bounds in Eqs. (3.22) and (3.23) are tight in the sense that they hold when

C is a uniform sampling pattern and F is packable corresponding to C.

Proof. Assume that C = {0,a,2a,...,(p—1)a}, i.e., ¢; = (i — 1)a, where a = L/p is an integer.
This corresponds to subsampling x(nT') by a factor of a. Let Z,, and K, denote the spectral
subcells and index sets corresponding to F. Let m be a fixed index and KCp, = {k1, ho, ..., kq,, }-
We see that packablility of F implies that k; —k; cannot be a multiple of p, for ¢ # j. Otherwise,
the subcells Z,, ® (k;/LT) and Z,, ® (k;/LT) would overlap in the spectrum of z(nT") when
subsampled by a = L/p. Therefore, the (i,1) entry of A,, is

1 o (@ —1aky 1 .
Ami = NG exp (]27T 17 > = T exp (]277

(1— 1)k
Tl)

)
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where k; € {0,1,...,p — 1} is such that x; = k; (mod p). Evidently {x;} are distinct because
F is packable. We see that \/aA,, is a submatrix of the p x p DFT matrix consisting of
all its rows and ¢ of its columns. It immediately follows that Apax(A),Anm) = 1/a = L/p
and tr(A%,A.) = gm/a = ¢uL/p. Hence, the optimal matrices satisfy ||Syxl2 = v/L/p and
AT = g L/p. O

Finally, we provide a lower-bound on ||S]|; just as in the case of the spectral norm. From

the definition of the 1-norm we have

1
1], = maxz Sy > max (Z 1Snsl2)*,

where the last step follows from the positivity of terms in the sum. Therefore,

IS > (maxzwsm\ ) (A Y s,

s=1r=1
1
= S| F. 3.24
Tr=Sll» (3.24)

Observe that ||S||% = |A™'B||%2 +||CB —I||% > |ATB||%+ || B* PB — I||% which follows from

the fact that the solution in Eq. (3.14) minimizes the Frobenius norm of S. Therefore,

|S||% > tr(ATBB*(A")) + tr((B*PB — I)?)
=tr((A*A)™' —I) +tr(I — B*PB).
The expressions in the last step were obtained using the facts that BB* = I — AA* and
(I — B*PB) is a projection operator. These are justified in the proof of Lemma 3.2. Therefore,

using the identities

PBB*=P(I - AA*) =P

and

tr(P) =tr(I — AAT) =p—tr(ATA) =p—¢
we conclude that
IS|F > tr((A*A)™") — ¢+ (L — q) — tr(PBB*)

=tr((A*A) ) —qg+(L—q)— (p—q).

Combining the last inequality with Eqgs. (3.24) and (3.23) we finally obtain

11 >~ ¢——q+L p= \/W (3.29
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When p = ¢, we can obtain a stronger bound than Eq. (3.25) when p = ¢. Observe that the

matrices A~! and C' = 0 are unique. Therefore,

(*7)

This bound, although applicable only for p = ¢, is indeed stronger than Eq. (3.25), whose

B
=1+[[A7'Bi > 1+ 1Bl _, (3.26)

I1S]l1 = =
1 | A1

right-hand side evaluates to v/2 for p = gq.

3.3.5 Which criterion to optimize?

As seen in Section 3.3, each of the three criteria leads to a different optimal choice for A~!
and C. Furthermore, the computation of those matrices is more difficult in one of the cases
(minimizing the peak error). Therefore, the following question arises: suppose that A~! and
C are chosen to optimize one of the criteria. Then, how far from the optimum would the
other criteria be for this choice? First of all, it is not fair to compare the optimum matrices
corresponding to the criteria vy and 1, because the two problems have different underlying
settings: the error energy is due to input signal mismodeling, while the output noise power
is due to additive sample noise. Yet, we have seen that the “least-squares” solution A' is
the optimal choice for A~! for both criteria, although the optimal choices for C are different.
However, it is more meaningful to compare the optimal matrices for the criteria s and e
because the two problems are similar: the imperfections in the input signal in both cases are due
to mismodeling. It is therefore reasonable to expect the optimal matrices that minimize ||.S1; to
be close to those that minimize ||S||2 for which, of course, we have the analytical least-squares
solution in Eq. (3.14). A question that springs to the mind is whether or not the least-squares
solution is a good enough approximation to the exact solution for the 1-norm problem. The
answer partially lies in the following result, which is a bound on the improvement factor that
the solution to Eq. (3.19) can offer over the least-squares solution in Eq. (3.14). Observe that

Eq. (3.19) can be rewritten in a slightly different constrained form as

min ||S]; subject to S& = S)€, VE such that PB¢ =0, (3.27)
A'B
where Sy = (B*PB B I>7

because we can write (S—8)s) = X PB for a suitable X owing to the fact that A~! = AT+ X, P
and C' = XoP for suitable X1 and Xs. Note that S)s is the optimal matrix for the 2-norm
minimization. Therefore, Eq. (3.27) yields

Sis
ISl > [Suél. Ve NPB) — [S1> max 156Eh o0

¢ceneb)  ||&||l1
Ve el
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where N (-) denotes the null space. In the proof of Lemma 3.2, we show that N(PB) = R(K)
where K % (I — B*PB) is an orthonormal projector. Furthermore S;sK = S5 is easy to
check. Hence, for ease of computation, we can weaken the bound in Eq. (3.28) by maximizing
over the set consisting of the L — ¢ columns of K, rather than the subspace N(PB) = R(K).
Thus, letting {k;} denote the columns of K, we obtain

[Siskills _ max; [[Sikills _ [|SiK]l _ [[Sislh
kil — max; [|kil[y 1Kl KL

151 > max
(2

implying that ||Sis|l1 < ||S]|1||K||1. In other words, using the least-squares solution in Eq. (3.14)
instead of the solution to Eq. (3.19) cannot amplify ||S||; by a factor of more than || K||; > 1.

We can apply these results to the norms of S,, and A_! for each m to obtain lower bounds
on (a) the constants present Eqgs. (3.8) and (3.10); and (b) the average output noise power in
Eq. (3.11). Without explicitly deriving them, we summarize the bounds below in terms of €2,

L, p and ¢ = max,, ¢n:
lelloo < oo / X (f)ldf,
[FI\F
le()]l2 < v X (f)%df ),
e 2</{ﬂ\f >

(Elo(t)*)e = ¢no?,

where
(L—p)(q +p)

o = max ||Snll1 > | —————, 3.29
P 12 [1Smll1 \/ T = p (3.29)

L
Yo =max [|Spl2 =4/ —, (3.30)

m P

L

Yo =T p(Zn)| AL % > Q. (3.31)

In each of the first two equations, we have a lower bound and an upper bound that cannot
be combined. However, note that the bounds for |le(t)||oc or ||e(¢)||2 are tight. Hence, the lower
bounds on 1, and ¥y tell us how large the aliasing error can be in the worst cases for the
corresponding bounds. However, they do not tell how large or small the errors in other cases.
Also note that the constants 1), (w = 2,n,00) decrease as expected for a fixed {¢,,} when
p is increased. If we increase L, p, and g, in such a way that p/L and ¢/L remain constant
(as would happen if one attempts to approach the Landau rate by increasing L), we find that
these bounds are invariant. These bounds represent errors inherent to any sampling procedure,

whether uniform or not, for any multiband signals, packable or not. In Section 3.5, we study the
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increase in error sensitivity incurred for nonpackable signals that are sampled at a sub-Nyquist

rate.

3.4 Optimal Sampling

In this section, we discuss two important issues pertaining to optimal sampling, namely,
determining the optimal base sampling frequency and sampling pattern design. The first one is
concerned with choosing the period 7" that produces the lowest average sampling rate for given
F and L. The second issue is concerned with finding a good sampling pattern C that optimizes
the aliasing error bounds or sensitivity to noise. Our study of this latter problem is somewhat

numerical in nature.

3.4.1 Optimizing the choice of T'

In all our previous analysis, we set the base sampling frequency 1/T = fnyq for conve-
nience. This is equivalent to sampling the original signal uniformly at the Nyquist rate prior
to discarding some some samples. Clearly, we could have chosen a slightly larger rate than
the Nyquist rate and still obtained similar results. In this section, we examine the problem of
choosing, for given L and F, the optimal value T} for T that minimizes the average sampling
rate. We also provide a polynomial-time algorithm to find 7}, whose value may be larger than
1/ fnyq, and we show this by example. This problem is related to that of pairing band edges
that Herley and Wong [28] suggest. They provide a necessary and sufficient condition on the
band edge frequencies a; and b; of the spectral support F, for achieving the Landau minimum
rate. They also show that for sufficiently large L, with LT fixed, the minimum rate can be
approached arbitrarily closely. In our case, however, we fix L as it determines the complexity of
the reconstruction. Our variable is T', and the problem is to compute the optimal base sampling
frequency 1/T

All the results derived for the specific case 1/T = fuyq, the Nyquist rate, extend to
the general case 1/T" > fnyq provided that we replace the spectral span [F] everywhere by
[0,1/T). We already know that for given L and T, the smallest average sampling rate (equal
to max,, ¢n,/(LT)) is given by the right-hand side of Eq. (3.5):

L-1

1 T
fave(T, L) = — max x|\ f+—=—=¢€F).
& refo.h) = < LT >
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Therefore, we seek the solution to

1

fnyq7

for a fixed L. For spectral supports expressible as F = (JI' [a;,b;), we have seen that the

T, = arg oo favg(T, L), where Ty= (3.32)

construction of the sets Z,, and K, can be done in polynomial time. Therefore, the computa-
tion of favg (7', L) requires polynomial time also. The minimization in Eq. (3.32), however, is
performed over a continuous parameter 1. The following theorem allows us to transform the

minimization problem to an exhaustive search over a finite set of values for T'.

Theorem 3.3. For a spectral support of the form F = \J;_,[ai, bi), the optimum T in Eq. (3.52)

must satisfy
1 bj — a;

LT,k
for some integers i, j and k such that 1 <i < j<mn, and 0 <k < LTy(bj — a;) < L.

The proof can be found in Appendix A. Theorem 3.3 enables us to generate no more than
n(n+ 1)(L — 1)/2 possible candidates for Ty, which may then be used to minimize the average
sampling rate. It turns out that T, = Ty is optimal for the spectral support F of Example 2.1.
However, as the following example shows, spectral supports exist for which T" = Tg is highly

suboptimal:

Example 3.2. For a given L, consider the spectral support,

L—1
F=Irr+eulL—eL),
r=0

where € < 1/(L + 1) is a small positive number. For the choice T = Ty = 1/L we have
1/(LT) =1 and
L if0< f<e,

x(f+%ef)= 0 fe<f<l—e,

T
L

\3
Il
o

1 ifl—e<f<l.

Since L pieces of the spectrum overlap, we require p = L and this makes the average sampling

rate equal to p/(LT) = L. Next, for the optimal choice T = T, = (L(1 + €))~! we have

L

|
—_

r lif fe[0,e)U[l —Le,1 —Le+€)U[l — Le+ 2¢,1+¢),
(f+g7e7) -
Oif fele,1 — Le)U[l — Le+¢€,1 — Le + 2¢).

~x
Il
o

37



Therefore, p, = 1 is required and the average sampling rate p,/(LT) = (1 + €). Hence, the
choice T' = T, can improve the sampling rate over the choice T' = Ty by a factor of L/(1 + ¢€),

which is nearly as large as it can get because this factor never exceeds L, as shown below:

Pe o Px o 1( P )
LT, — LTy — L\LT
which follows from T, < Ty and p, > 1 > p/L. Although Example 3.2 is an extreme situation,

it shows that optimizing T" may be of significance, with the largest gains occurring typically for

signals with sparse spectral supports.

3.4.2 Sampling pattern design

We now examine the problem of designing good sampling patterns. We propose to use the

following minimizations as empirical design criteria:
C* = arg H%:in ¢W(Cv {’Cm}%:l) for w= 27 oo, 1,

where ¥,(C, {Kim}) are maxy, ||Sunll2, maxy, | Symll1, and T3, u(Zn)|| AL % for w = 1,2,n,
respectively, and the subscript “x” denotes optimality of S,,, with respect to the matrices A,}l
and C,, which is discussed in the previous section. The functions ,,(C, {K,,}) are invariant
under cyclic shifts of C in {0,1,..., L — 1}, and this follows easily from the definitions of these

functions.

Example 3.1 (Continued). For the chosen spectral support and L = 20, we have ¢,, = 2 for
all m. Hence, p > 2 is necessary and sufficient for perfect reconstruction from the multicoset

samples. For example, an exhaustive search over all sampling patterns for p = 5 yields

Yox = nlcin¢2(c, {Km}) =2.9032 at C, = {0,1,2,13,16},
tnx = min Vn(Co {Cm}) = 0.4769 at C, = {0,4,7,14,15},

Yoo = min oo (C, {Kim}) = 2.2583 at Cc = {0,1,2,8,17},

where ming oo (C, {IC;,}) is computed using the approximate linear program formulation with
K = 12, and hence cannot be claimed to be truly optimal. In this example, the three design
criteria produce different optimal sampling patterns. Table 3.1 shows the three objective func-
tions evaluated for each of these three candidate optimal patterns. It is evident that none of
the three candidate sampling patterns is simultaneously optimal for all three design criteria.

However all three candidates solutions are close to optimal for each of the criteria, and we lose
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little in terms of optimality by restricting our attention to any one of the criteria. For example,
we can pick v, as it is the easiest to compute.
Let 19, = ming ¢9(C, {K,,}) and . = ming ¢, (C, {K,,,}) denote the optimal constants for

a given p. Define the following quantities

g
m=ta 2 =t = wm*\/@(fm%,
which are obtained by normalizing the quantities oy, Ynx, and Yoox by their lower bounds in
Egs. (3.29), (3.30), and (3.31). Figure 3.3 illustrates (for 2 < p < 20) the behavior of 7y and
Nn. These are computed by first finding 1o, and 9, using an exhaustive search algorithm over
all sampling patterns of size p, followed by normalization. Due to the higher computational

complexity, we computed 7, only for 2 < p < 5 as summarized in Table 3.2.

Table 3.1 Design criteria evaluated at the candidate optimal sampling patterns: C, =
{0,1,2,13,16}, C, = {0,4,7,14,15}, and C. = {0,1,2,8,17}. The boxed entries are optimal in
their respective rows.

‘Criterion‘ C=¢C, ‘ C=0_Cy ‘ C=C. ‘

Vo 12.9032] | 3.0641 | 3.5241
Vn 0.4811 |[0.4769]| 0.4918
Voo 2.3929 | 2.6479 |[2.2583]

Table 3.2 Normalized error gain constant 7., for 2 < p <5.
lp 2 | 3 | 4 | 5 |
| Mo | 9-8256 | 3.3764 [ 2.3049 [ 2.0908 |

Figure 3.3 shows that the optimal error gain constants 7y and 7,, approach their lower bounds
rather quickly when p is increased. This behavior suggests the following design recommendation:
for given F with occupancy €2 and given L, choose p = L2+ 1 or p = L) + 2. This results in
sampling rate p/L slightly larger than 2, but provides significant reduction in error sensitivities.

Table 3.2 shows that 7, also approaches its lower bound but more slowly.

3.5 Comparisons

The goal of this section is to compare uniform and nonuniform sampling below the Nyquist

rate for packable and nonpackable supports F. Some of the comparisons are numerical examples.
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2 4 6 8 10 12 14 16 18 20

Figure 3.3 Normalized error gain constants 1y and 7, shown as functions of the number of
multicoset samples p in each period.
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We shall the following two questions: (a) For packable spectra, both uniform and nonuniform
sampling at the same average rate is possible. How does the reconstruction error compare
between the two options? (b) What is the penalty for nonpackability: given F(!) packable and
F@ nonpackable, such that u(FM) = u(F®@), which are sampled at the same rate—uniformly

and nonuniformly, respectively—how do the error bounds compare?

3.5.1 Uniform sampling versus nonuniform sampling for packable F

Recall that a signal x € B(F) is packable at rate 1/T" < p([F]) it FN(F & n/T") = 0 for
all n # 0. Dodson and Silva [36] proved the following sampling theorem for packable signals.

Theorem 3.4. Suppose F is packable at rate 1/T" for some T' > 0, then x € B(F) has the
sampling representation

x(t) = Z z(mT")p(t —mT'; F), (3.33)
meZz

with the sum converging uniformly and absolutely for t € R.

The following theorem, due to Beaty and Higgins [26], is a bound on the peak value of the

aliasing error for signals with finite energy and packable F.

Theorem 3.5. Suppose that z(t) € L*(R) N C(R) with X(f) € L*(R) is sampled at the rate
1/T" that satisfies F N ((n/T") ®@ F) =0, Yn # 0. Then the aliasing error e(t) satisfies

e(t)] < 2 /R X0 (3.34)

Incidentally, this equation is identical to the bound for the aliasing error in classical Shan-
non sampling of lowpass signals. Although valid for all z € F, Eq. (3.34) will be used only
for the class signals € B(|F]) in order to compare with the bound in Eq. (3.8) which applies
to signals in B([F]). It turns out that uniform patterns are indeed the best patterns suited
for packable spectra because the aliasing error bounds in Egs. (3.8) and (3.34) have identi-
cal forms, with the only difference being the premultiplying constants: the constant is 2 in
Eq. (3.34), but max,, ||Sm|1 in Eq. (3.8). Since the lower bound in Eq. (3.26) implies that
Voo = Maxy, ||Sn|1 > 2 for p = maxq,,, we see that for packable signals uniform sampling
is most appropriate. Theorem 3.2 verifies this claim for the other two performance criteria
because the constants ¥ and v, attain their respective lower bounds for uniform sampling. In

summary, for packable signals, uniform sampling is the best.
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3.5.2 Penalty for nonpackability

What is the penalty in error sensitivity for Nonpackability? Unfortunately the answer to
this question is not easy to deduce analytically. From various numerical computations, it seems
that there is a price to pay for nonpackability of 7. We provide an example here to support

the conjecture.

Example 3.2. Consider spectral supports F), F@ and FO).

F@ =0,3) U [5,6) U[12,13) U [14, 16),
FB& =10,3) U 6,8) U[13,16).

For L = 16 and base sampling rate 1/T" = 16, all their subcell decompositions contain only
one subcell, i.e., M = 1. The corresponding index sets are IC(I) ={0 — 7}, K(z) = {0 —
2,5,11,12,14,15}, and IC = {0 — 2,6,7,13 — 15}. The spectral supports have the same
measure, and the K-sets have ¢ = 8 elements each. While K and K®?) are packable, K©®) is
not. Upon minimizing the quantity v,,(C, IC(i)) (using a forward selection greedy algorithm) for
1=1,2,3, and w = n, 2, 00, we obtain the following optimal sampling patterns C,(fg of size p =8

(corresponding to half the Nyquist rate) and objective functions T,Z)*w def Y (C *3, {IC(Z)})

e For i = 1,2, we obtain C\) = ') = £QO ={1,3,5,7,9,11,13, 15} with the corresponding
objective functions being 1/1*” = 1.0, 1/1 w5 = 1.4142, and w,@o = 2.0. Note that these values

agree with the results of Theorem 3.2.

e Fori =3, weobtain C\2) = C% = {2,4,5,6,9,12,14,15}, and C2), = {1,4,5,6,9,12,13, 14}.
The objective functions take the values 1/1*” = 1.9291, 1/1*2 = 3.3598, and w*oo = 4.8284
at optimality.

Hence, the price to pay to sample a signal with a nonpackable spectrum at the Landau rate
manifests itself in the output noise and aliasing error bounds: they are larger for nonpackable

spectra.

Remark. Example 3.2 also illustrates the point made in the last subsection that uniform
sampling is generally better suited for packable signals than nonuniform patterns. The fact
that the sampling patterns for the packable spectra, (C,Ei,) and C,(j,)) turn out to be uniform

clearly supports the claim.
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3.6 Summary

We presented solutions to the problems of optimal sub-Nyquist sampling and reconstruction.
We showed how to determine optimal matrices to obtain the best performance in terms of the
aliasing error bounds or the noise sensitivity (the measures of performance) that were derived
in Chapter 2. We provided explicit solutions for most of these problems.

The error bounds reveal a dependence on the sampling pattern C. We examined the problem
of designing sampling patterns that optimize the performance measures. We used an exhaustive
search algorithm in one example and a forward selection greedy algorithm in another to pick
optimal sampling patterns for a few design examples. An exhaustive search over all sampling
patterns is computationally very expensive for even moderately large L, while a greedy search
is not guaranteed to produce the best pattern. Nevertheless, the greedy algorithm did produce
very good results. The problem of designing sampling patterns efficiently is still an open
problem. We also showed how to choose the optimal base sampling frequency that minimizes
the average sampling rate for a given sampling period L. This is an important issue because
sampling at a base frequency equal to the Nyquist rate may be severely suboptimal for certain
spectral supports.

We made comparisons to determine whether nonuniform sampling is appropriate for pack-
able signals. Our findings are that (a) for packable spectral supports, uniform sampling pattern
yields a better performance than a general nonuniform sampling pattern, and (b) for non-
packable signals, where uniform sampling is not applicable, there is a penalty associated with
nonuniform sampling. The error bounds are larger for this case relative to uniform sampling
of a packable signal of the same occupancy. We find that the sensitivity penalties (error gain
constants) for sub-Nyquist sampling of signals with nonpackable spectra can be controlled by
optimal design and by backing off slightly from the minimum rate. The resulting low error
sensitivities and the significant reduction in the sampling rate over the Nyquist rate of our
numerical examples suggest that these techniques have considerable practical potential. Most
of the results presented for 1-D signals should be extensible to two and higher dimensions with
little difficulty. In contrast, determining the optimal base sampling lattice in higher dimensions

would be a harder problem.
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CHAPTER 4

MIMO SAMPLING: NECESSARY DENSITY CONDITIONS
AND STABILITY ISSUES

4.1 Introduction

Multichannel deconvolution or multichannel separation of a convolutive mixture is an impor-
tant problem arising in several applications and has attracted substantial interest recently. The
problem, simply stated, deals with a MIMO channel whose outputs can be observed, and the
primary goal is to invert or equalize the channel to recover the original input signals. In general,
the channel inputs have overlapping spectra and share a common bandwidth. For example, the
problem of separation multiple speakers in a room with multiple microphones is an acoustic
source separation problem. The various acoustic sources can be modeled as multiband signals
with overlapping spectra, and the microphone signals can be modeled as the outputs of a linear
MIMO channel. Multiuser or multiaccess communications, multichannel image restoration, and
geophysical data processing are examples of other applications where MIMO equalization arises
[37—43].

We assume that the channel characteristics are either known or can be estimated accurately
using known test input signals. In practice, digital processing is used to perform the channel
inversion, whereas the channel inputs and outputs are continuous-time signals. Consequently,
the channel outputs need to be sampled prior to processing. In other words, the objective is to
reconstruct the channel inputs from the sampled output signals. Therefore, the MIMO channel
inversion problem can be restated as one in sampling theory, and we call this sampling scheme
MIMO sampling. We shall study this problem entirely from the perspective of sampling theory,

although the problem could, equally well, be viewed as one of channel equalization.
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4.1.1 Problem formulation

MIMO sampling can be described as follows. Let x,(t), r = 1,..., R, be a collection of
multiband signals whose spectral supports are measurable sets F,. C R of finite measure. These
R signals are the inputs to a MIMO channel consisting of linear time-invariant filters (see

Figure 4.1) producing P output signals y,(t), p =1,..., P. In other words

R
ypzzgpr*:nh pzlv"'apa
r=1

where * denotes convolution, and g,, € L?(R) are the channel filter impulse responses. The
outputs y,(t) are subsequently sampled on either a uniform or a nonuniform grid A, = {\, :
n € Z}. We then attempt to reconstruct the channel inputs from the output samples. This
sampling scheme is very general and subsumes various other sampling schemes as special cases.
For instance Papoulis’s generalized sampling [12] is essentially a single-input, multiple-output
(SIMO) sampling scheme, i.e., R = 1. A natural generalization of Papoulis’s sampling expansion
to vector valued inputs considered by Seidner and Feder [13] is also a special case where all
input channels have identical lowpass spectra, i.e., F, = [—B, B]. See [44] for an interesting
SIMO sampling scheme applicable to general signal spaces including wavelet and spline spaces.

However, we restrict our attention to multiband signal spaces alone.

t=An1
XM —— LU

, MIMO ;
: Channel : t=A.p
Xt "t

VAQ)

Figure 4.1 MIMO sampling.

Landau [6,7] proved the following fundamental result for sampling and interpolation of

multiband signals. Let X (f) denote the Fourier transform of a signal z(¢), and
B(F) = {z € LAR) N C(R) : X(f) =0, Vf ¢ F},

the class of continuous L?(R?) signals bandlimited to a measurable 7 C R%. Suppose that a
function = € B(F) with F C R? is sampled at a discrete set of points A = {\, : n € Z} C
R?  Then, for stable reconstruction of x(t) from its samples x(\,), it is necessary that the

density of A be no less than the measure of F, i.e., A must be sufficiently dense in order to
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stably reconstruct the input. A dual problem is that of interpolation where we seek necessary

conditions on A that guarantee that
Jr e B(F) st. z(\y) =cp (4.1)

whenever {c,} € [?. Equation (4.1) is called the interpolation condition, and a necessary
condition for this problem is that the density of A be no more than the measure of 7. Roughly
speaking, the samples of x(t) on the set A can take arbitrary values only if A is sufficiently
sparse. Alternatively, the density of A can be interpreted as a lower bound on the size of the
class of multiband signals with spectral support F, in which a solution to the interpolation
problem is guaranteed to exist, where “size” refers to the Lebesgue measure of the spectral
support F.

Grochenig and Razafinjatovo [45] recently provided a simpler proof of Landau’s result. Their
technique also allowed them to prove necessary density conditions for some derivative sampling
schemes. However, all their results, unlike Landau’s, are applicable only when the boundary of
the set F has zero measure. The purpose of this chapter is to extend the idea of [45] to prove
more general results for MIMO sampling while removing the restriction on the boundaries of
the spectral supports. We consider only single variate functions in our analysis (d = 1), and the
results easily extend to multivariate functions. The questions that we address are the following;:
(a) what are the necessary density conditions on the sampling densities of {A,} for stable
reconstruction of the MIMO inputs z, € B(F,) from the MIMO output samples {y,(Anp)}?

and (b) what are the necessary conditions on the sampling densities of {A,} such that
Jdz, € B(F) st yp(Anp) = Cnp (4.2)

for any sequence {c,, : n € Z, p = 1,..., P} € [?? Problem (b) is analogous to Landau’s
interpolation problem for classical single input sampling, and Eq. (4.2) is the analogue of the
interpolation condition in Eq. (4.1). However, we call Eq. (4.2) the consistency condition'
rather than the interpolation condition. Roughly speaking, this condition implies that the
channel outputs on the sets A, can take arbitrary values, and this requires that A, be sufficiently
sparse. Equivalently, these conditions can be interpreted as minimum size requirements on the
sets Fi.

Note that although the sampling theorems for special cases considered in [12,13] provide
sufficient densities for uniform or periodic sampling, these are not shown to be necessary for

arbitrary, nonuniform sampling of the channel outputs. In Section 4.2, we introduce some

'Equation (4.2) does not describe an interpolation problem because the multichannel samples are not samples
of the input signals themselves.
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notation and review some mathematical background. In Section 4.3, we establish necessary
conditions on {A,} for stable MIMO sampling and consistent MIMO reconstruction. For stable
reconstruction, we prove that the sum of densities of A, is lower bounded by the sum of the
measures F,. Similarly, for the consistency problem, the sum of densities of A, is upper bounded
by the sum of the measures of F,.. Apart from these natural generalizations of Landau’s results,
we also derive necessary conditions on the joint density for each subcollection of sampling sets,
as well as conditions on the channel transfer function. These bounds provide an outer bound

on the region of achievable densities. We provide examples to illustrate the results.

4.2 Preliminaries
The class of continuous L?(R) signals bandlimited to a measurable F C R is denoted by
B(F)={zc L*R)NC(R): X(f) =0, Vf ¢ F}, (4.3)
where X (f) is the Fourier transform of a signal z(t):

X(f) = /]R z(t)e 2™ dt.

The space B(F) is a separable Hilbert space. Let u(-) denote the Lebesgue measure, and x(-),
the indicator function. For instance, x(f € F) takes the value 1 on the set F, and 0 elsewhere.

Let ¢£(t) denote the inverse Fourier transform of x(f € F):

¢f(t):/]:€j27rftdf.

Denote the time-shift operator by O, i.e., O, f(t) = f(t — 7). Let () denote the empty set, and
S¢, the complement of a set S in the appropriate universal set.

We now introduce some notation pertaining to matrices. We denote the class of complex-
valued matrices of size M x N by CM*N | Let e, € C*! denote the rth standard basis vectors,
i.e., e, has a 1 at the rth position, and zeros elsewhere. For a given matrix A, let A” denote
its conjugate-transpose, Ar ¢, its submatrix corresponding to rows indexed by the set R and
columns by the set C. Also let A, ¢ denote the submatrix formed by keeping all rows of A, but
only columns indexed by C, and let A o denote the submatrix formed by retaining rows indexed
by R and all columns. We use a similar notation for vectors. Hence, X is the subvector of X
corresponding to rows indexed by R. We always apply the subscripts before superscripts. So
A%C is the conjugate-transpose of Ag ¢. When dealing with singleton index sets: R = {r} or

C = {c}, we omit the curly braces for readability. Therefore, A, and A, . are the rth row and
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the cth column of A, respectively. Let Apax(A) and Apin(A) denote the largest and smallest
eigenvalues of A. Let opax(A) denote the largest singular value of matrix A, and opin(A),
the smallest nonzero singular value of a A if A # 0. If A = 0, we take opin(A) = oco. The
following proposition, which is proved in Appendix A, is used later to characterize the region

of achievable densities.
Proposition 4.1. Let G € C'**?, and let A and B be subsets of {1,...,R}. Then

rank(G 4.0) + rank(Gg.e) > rank(G aus,e) + rank(G ans.e)- (4.4)

4.2.1 Stable sampling and consistency

The following material on frames is standard (c.f. [2,46]). Let H is a separable Hilbert space
equipped with an inner product (-,-). A sequence {¢,,} C H is called a frame if there exist
constants A, B > 0 such that

Allel® <Y (W, 2)I” < Bllz|?, (4.5)

for all x € H. The constants A and B are called the lower and upper frame bounds. If A = B,
then the frame is a tight frame. The frame operator S, defined as

Sz = (&, Yn)tn, VzEH,

n
is a bounded linear operator satisfying AI < S < BI, where [ is the identity operator. Let
Up = S~4,. Then {1, } is also a frame (the dual frame) for H with frame bounds B~' and
A~!. Then any z € H can be expanded as

T = Z<x>i}n>7pn = Z<$>7/)n>i}n (4'6)

n n

If {4} is a frame, then for any sequence {c,} € I?, we have

[ S ol < BE fel® (@7

A sequence {1, } C H is called a Riesz basis if it is fully equivalent to an orthonormal basis

for H, i.e., if there exists a bounded invertible operator T and an orthonormal basis {e,} such
that ¢, = Te,. A Riesz basis is a frame, and hence Eqgs. (4.6) and (4.7) hold. In fact, for a

Riesz basis, we can replace Eq. (4.7) by the following stronger condition:

A leal? < || et T<BY et (4.8)
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Conversely, if {¢,,} is a complete sequence in H, then it is a Riesz basis for H whenever
Eq. (4.8) holds for finite sequences [46]. The dual frame {1} of a Riesz basis {1} is called
the biorthogonal basis of {1, }, and it is also a Riesz basis for H.

A sequence {¢,,} C H is called a Riesz-Fischer sequence if the moment problem

(x, ) = cn (4.9)

has a solution = € H whenever {c,} € 2. If {¢,,} is a Riesz-Fischer sequence, then there exists
a solution z to Eq. (4.9) such that

1

2 2
€T < —

“ ” — HCH

for some a > 0 called the bound of the Riesz-Fischer sequence. A necessary and sufficient

condition for {¢,,} to be a Riesz-Fischer sequence with bound a is that

|5 e

for every finite sequence {c,}. Finally, note that the moment problem in Eq. (4.9) has a unique

2
>a en)? (4.10)
n

solution if {¢,,} is a complete Riesz-Fischer sequence in H. Every Riesz basis is a Riesz-Fischer
sequence, but the converse is not true. However, if a Riesz-Fischer sequence is also a frame,
then it is a Riesz basis. The notions of frames and Riesz-Fischer sequences are used in much of
our analysis in Section 4.3.

In the context of classical multiband sampling, the class of input signals is the separable

Hilbert space H = B(F) having the following inner product:

(z,y) = /Ra:(t)mdt, Vz,y € B(F).

Obviously, the norm on H is defined as ||z|| = \/(z, z).
A discrete set A = {\, : n € Z} is called a stable set of sampling for B(F) if there exist
A, B > 0 such that

Allzl* <Y Je(\)* < Bllzlf?,  Va € B(F). (4.11)
neL

First notice that z(\,) = (z,0,,¢x). Using this fact and Eq. (4.11), we see that {©) ¢r :
n € Z} is a frame for B(F) with frame bounds A and B. Denoting its dual frame by {¢,} and

using Eq. (4.6), we obtain the following interpolation equation to reconstruct z:

2= (2,0),65)0n =D _ 2(An)dn. (4.12)

nez neZ
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The following argument shows that Eq. (4.12) is a stable reconstruction formula. Suppose
that a perturbation {6z,} € I? is added to z, = 2()\,). Then, owing to linearity of Eq. (4.12),
the resulting perturbation dx in the reconstruction is given by

or = Z 5znqz~5n.
nez
Using Eq. (4.7) and noting that the upper frame bound for the dual frame is 1/A, it follows
that

o0l = || S budal| < 5 3 Il (113)

Finally, from Eqs. (4.11) and (4.13) we conclude that

16z]] _ /B [9z]

=] = VA |z
The ratio K = y/B/A > 1 is called the condition number of the sampling scheme, and K?2 is a
bound on the amplification of the normalized perturbation energy. Similarly, it can be shown
that a perturbation of dz in 2 € H produces a perturbation of 6z € [ in z, = x(),) such that

6=l _ /B [l5xl|
[zl = VA ]

Thus, the stability condition in Eq. (4.11) guarantees that the errors in the sampled signal or
its samples cannot produce arbitrarily large errors in the reconstructed signal.

The set A is called a set of interpolation if there exists z € B(F) such that z(\,) = ¢,
whenever {c,} € [?. This condition is clearly equivalent to {©), ¢r : n € Z} being a Riesz-
Fischer sequence in B(F). Finally, if A is a set of both sampling and interpolation, then
{O), 07 : n € Z} is a Riesz basis for B(F). The theory of frames thus provides a convenient
tool to study sampling [47].

We shall now generalize the above notions of stable sampling and interpolation for the

MIMO problem. Recall that the channel input and output signals are related to each other as

y(t) = gx a(t) = /R gt — 7 (r)df,

where @ is the input vector whose components are multiband signals x,, € B(F,.), and y is the

channel output in vector form. The class of input signals is the separable Hilbert space
H = B(F1) x -+ x B(FRr) (4.14)

equipped with the inner product

= ZH i = z X I,z . .
(w,z>—/R (D) (t)dt Z/R B ()dt, Vo, zeM (4.15)

r=1
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The norm on H is clearly defined as ||z| = \/(x,x). In the rest of this chapter let R and P

denote index sets for the components of the channel inputs and outputs, i.e.,
R={1,...,R} and P={1,...,P}.
Suppose that
Cr={r:feF}, (4.16)

then it is clear that Xc,(f) captures all the nonzero elements of X (f). Hence, the channel

output in the frequency domain can be expressed as

Y(f) = G(NHX(f) = Goc, (f) X, (f), (4.17)

where G(f), the Fourier transform of g(t), is called the channel transfer function matriz.

Definition 4.1. A collection of discrete sets A, = {\,, : n € Z}, p € P is called a stable
collection of MIMO sampling with respect to G(f) for the space H if there exist A, B > 0 such
that P

Allzl* <Y > lyp(p)* < Bllz|? (4.18)

p=1nez
for every @ € H, where Y (f) = G(f) X (f).

It is clear that we can write y,(A\np) = (x,©4,,v,,) for appropriate 1, € H. In fact a simple

calculation reveals that

R
@, (f) =D G Nx(f € Fr)er, (4.19)
r=1

where e, is the rth standard basis vector.

Now, Eq. (4.18) is equivalent to the condition that {©,,,%, : n € Z, p € P} is a frame
for H. This observation, as in the case of classical sampling, implies that we can perform the
reconstruction of the channel inputs from the output samples using the dual frame as the set
of interpolating functions. Also, the stability condition in Eq. (4.18) guarantees that the errors
in the sampled signal or its samples do not produce arbitrarily large errors in the reconstructed

signals. The condition number for the MIMO sampling scheme is K = /B/A > 1.

Definition 4.2. A collection of discrete sets A, = {A,, : n € Z}, p € P is called a collection of

consistent reconstruction with respect to G(f) for the space H if there exists a solution « € H

to the problem y,(Anp) = cpp for every {c,,} € 12, where Y (f) = G(f) X (f).
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Equivalently, {A, : p € P} is a collection of consistent reconstruction with respect to G(f)
for the space H if {©y,,%, : n € Z, p € P} is a Riesz-Fischer sequence in H. For any finite
sequence {cpyp}, observe that

2 2
| ermOrtn] = e | et 020,35

2

)

xeBy

= max ‘ chpyp()\np)
n7p
where By = {x € H : ||| < 1} is the unit ball in H. In view of Eq. (4.10), it is clear that
{©x,%,:n€Z, pc P}

is a Riesz-Fischer sequence in H if and only if
2
max | 3 copp(p)| =0 lensl? (4.20)
H
n,p n,p

for every finite sequence {c,,}. It turns out that the above characterization of consistent MIMO
reconstruction is easier to use than Definition 4.2. Finally, we point out that if a collection of
discrete sets A, = {\,, : n € Z}, p € P is a collection of both stable sampling and consistent
reconstruction, then {©y, 1, :n € Z, p € P} is a Riesz basis for H.

4.2.2 Notions of sampling density

A discrete subset A = {\,, : n € Z} C R is called uniformly discrete with separation ¢ if
A — An| =26, Vm #n.

Let the maximum and minimum number of sampling points of A found in any interval of length
27 be denoted by

vi(A) = sgg#(A NBy(r)) and v, (A)= Tilellf&#(A N B (7)), (4.21)

respectively, where #(S) denotes the cardinality of a set S, and
By(t)={ceR:|jo—71] <~}

is a closed interval of length 2 centered at ¢. For a discrete set A, the upper and lower densities

are defined as (A A
D*(A) = lim sup vy (A and D7 (A) = liminf vy ), (4.22)

y—00 Y Y—00 Y
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respectively. See [47] for several other notions of density for nonuniform sampling. Although
traditionally written as “liminf” and “limsup,” the limits in Eq. (4.22) can be replaced by
simple limits [47]. If the lower and upper densities coincide, this density is called the uniform
density and is denoted by D(A). Note that this does not mean that the sampling points in A
are uniformly spaced. Any large interval of size [ contains approximately [D(A) points of A. If
A is uniformly discrete, then Dt (A) is finite. However, the converse statement is not true, but

the following is a slightly weaker result that generally suffices:

Proposition 4.2. A discrete set A has DT (A) < oo if and only if A can be expressed as a
union K uniformly discrete sets {A, : k =0,..., K — 1}, such that D¥(Ay) = D¥(A)/K. The
smallest such K is given by

Ko(A) = inf v (A).
o(A) go’/a()

In addition, for any € > 0, we can choose K such that each Ay has a separation of 6 > 0
satisfying

Proposition 4.2 is proved in Appendix A.
When dealing with a collection of sampling sets, as in the MIMO setting, it is useful to define

joint densities for the collection. These are generalizations of the densities defined earlier.

Definition 4.3. Given a finite collection of discrete sets A,,, p = 1,..., P, their joint upper and

lower densities are defined as

vI(Aq, ... A
Dt (Ay,...,Ap) =limsup y P), (4.23)
y—o0 2y
v (Aq,..., A
D~(Ay,...,Ap) = liminf (A P (4.24)
y—00 2y
respectively, where
P
V;_(Al, .., Ap)= sugz #(Ap N B, (1)),
TE p=1
P
vy (Ar,..., Ap) = ;gﬂg; #(Ap N By (7))
are the maximum and minimum number of sampling points of the collection {A, : p =1,..., P}

found in any interval of length 2+.
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If these densities coincide, then {Aj,..., Ap} has uniform joint density of
D(Ay,...,Ap) = D*(Ay,...,Ap).

If each A, has uniform density, then so does the collection {A1,...,Ap}. However, the converse

is not true. From these definitions it is clear that

P
DY(Ay,...,Ap) <> DF(Ay),

P
D™(Ay,...,Ap) = > D7 (Ay).

Moreover, if each A, has uniform density, the collection {A,} also has uniform joint densities

given by
P

D(Ay,...,Ap) =) D(Ay).
p=1

We use the above properties later without explicitly stating them. The following proposition is

proved in Appendix A.

Proposition 4.3. The limsup in Eq. (4.23) and the liminf in Eq. (4.24) can be replaced by

simple limits. In fact,

V;_(Alw-wAP) 227D+(A1,...,Ap), (4.25)
V»Y_(A17---7AP) SQ’yD_(Al,...,Ap) (4.26)

for all v > 0.

4.3 Necessary Density Conditions

Our aim in this section is to prove necessary density conditions for MIMO sampling of
multiband signals. These results are analogous to Landau’s density result for nonuniform
sampling of multiband signals [6, 7]. Grochenig and Razafinjatovo [45] provided a simpler proof
of Landau’s result, and their ideas were based on a method due to Ramanathan and Steger [48].
This idea allowed them to prove some results for derivative sampling. With some modifications,
the results in [45] can also be extended to SIMO sampling and interpolation. However, these
results apply only to signals in the class of multiband signals B(F) for which pu(0F) = 0, i.e.,
the boundary of F has measure zero. Most sets of practical interest satisfy this condition,

while several pathological sets such as nowhere dense sets are excluded. Unfortunately, the
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condition also excludes some reasonable sets. For example, let F = [0,1] N Q°, where @ is the
set of rationals. Then 0F = [0, 1], implying that u(0F) = 1. But B(F) = B([0,1]) since F
differs from [0, 1] by a set of measure zero. In other words their results do not apply to some

elementary classes of signals under a simple disguise.

4.3.1 A comparison theorem

In this section we present the main technical result, which is a modification of a similar
comparison theorem presented in [45]. We use the theorem to compute necessary density con-
ditions for the stable MIMO sampling and consistent reconstruction. However, the theorem is
very general, involving arbitrary signal spaces, and can potentially be used for proving necessary

density conditions for sampling problems in wavelet or spline spaces.
Lemma 4.1. Let h € B([v1,1»]). Then,

W)Y sup |h(r)],
|T—t|<1

satisfies h* € L2(R) and |h*||?> < C||h||* for some C = C(vy — v1) > 0 that depends only on
the difference (vo —v1). Moreover, if A = {\,, : n € Z} C R is a discrete set with DT (A) < oo,
then

> omkowPse [ P (1.27)

g 5T |t—o]|>T—1
forallo € R, T >0, and some C' = C'(A) > 0. In particular
Y ()P < C'OllR|P.

ne”

Proof. For every n > 0, let S,(f) be a Schwartz function such that S, (f) =1 for f € [0,7].
Define C(n) = Hsn |3. Then S(f) = Sy,—u,(f — v1) is also a Schwartz function such that
S(f) =1 on [11,s]. Since h € B([v1,12]), we have h = h x s. Hence,

R (t) = sup ‘/ s(t —o)h(o)do
T€B1
g/ sup |s(7 —o)| - |h(o)|do
R 7€Bj (t)

— / #(t — 0)|h(o)|do = 5* x |1,
R
Clearly s7(t) € L*(R) because s(t) is a rapidly decaying function of . Therefore,

IR#) < Nls™ % Bl < lls™ 11 - |15ll,
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holds for all h € B(F). It is clear that ||s¥[? = Hsi_mH% = C(vy —v1). Thus ||p7]? <
C(va — 11)||R||?. Suppose D*(A) < oo, then by Proposition 4.2 we can express A as a union
of K uniformly discrete sets {A : k = 1,..., K} each with separation § > 0. Without loss of
generality, assume that § < 1. Let the elements of Ay be denoted by {A,x : n € Z}. Then, for

any o € R, we have

K

An—o|>T k=1 Anp—o|>T

1
< — R (t)|%dt
B Z Z 20 /It—Ank|<6| 2

K
k=1 [A—o|>T

because |h(\,)| < k7 (t) for all ¢ such that |t — A\,;| < § < 1. Thus,

1 K

2 - - #(+)]2
ST WP < 252/|t_a|>p_5|h (t)

[An—c|>T k=1
K

< — R (t)|2dt.
55 |t—cr|21"—1| (t)]

This bound has the required form if we set C/ = K/(20) that, evidently, depends only on A. [

Lemma 4.1 says that the samples of a bandlimited signal on a sampling set of finite upper
density cannot be arbitrarily large. As we shall see later, it is a simple but powerful result.
We now introduce a few quantities relevant to the main result that follows shortly. Define

the following separable Hilbert spaces:

Hs = (B(-8,8))", B8>0,
HOO = (Lz(R))R7

and let the inner product on both spaces be defined as in Eq. (4.15). Note that Hg is the
space of vector functions whose R components are bandlimited to the frequencies [3, 3]. Let

Ps : Hoo — S denote the orthogonal projection operator onto a closed subspace S C Hxo.

Definition 4.4. A subspace S C Ho is called shift-invariant if O, € S for all ¢ € R whenever
xEeS.

Evidently Ho and Hg are shift-invariant spaces. We write L S whenever (z,z) = 0
for all z € Hg. The following properties of a closed shift-invariant subspace S C H, can be

verified easily.
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Proposition 4.4. Suppose that € € Hg, 0 € R, and S C Hu 15 a closed shift-invariant
subspace. Then (a) € L § =— O,z L S, and (b) PsO,x = O,PFPsx, i.e., translation

commutes with orthogonal projection onto S.

Proof. (a) Suppose that « L S. Then (O,x,z) = (x,0_,z) = 0 whenever z € S and 0 € R
because ©_,z € S. Hence, ©,x L S. To prove (b), note PsO,x — O,FPsx € S. For arbitrary

z € S, we have
(Ps©,x — O,Psx,z) = (PsO,x,z) — (0,Psx, )
= (Oyx, Psz) — (x, PsO_,z)
= (O,x,2z) — (x,0_,z) =0,
proving that Ps©,x = O, Psx. O
Lemma 4.2. Let S C Hyo be a closed subspace, and X C R. Then,

limsup sup ||©,x — PsOy Py x| < sup |©,x — PsO,z||
B—oo oc€X oEX

foralx e Hy.

Proof. For any ® € Ho, and € > 0, there exists Fy > 0 such that
o= Pl = [ X <e vaz (4.28)

because X (f) is square-integrable. Now, using the fact that Ps is a projection operator we

obtain
10, — PsO, Pzl < |0, — PsOyz|| + || PsOsx — PsO, P,z
<0,z — PsO,z| + ([0, — O5 P, ||
= 0 — PsO,z| + [ — Py, x|
for all o € ¥. In view of Eq. (4.28) and the above inequality, we conclude that
limsup sup [|[©,x — PsPy;0,z|| < sup [|O,x — PsOyx| + e
f—oo o€X o€X

The result follows immediately because € > 0 is arbitrary. U

Theorem 4.1 (Comparison Theorem). Let Hg and Hy, be closed subspaces of Hoo, and let
Y1,...,2Q, and Ay, ..., Ap be discrete subsets of R such that all DV (A,) < co. Suppose that

81,...,8¢ and ly,...,lp are such that

{Op84:0€%,, ¢q=1,...,Q} CHg
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1s a Riesz-Fischer sequence in Hg with bound a > 0, and that
{O\l,: AeA,, p=1,...,P} CHp

is a frame for Hy. Then

Q
D*(A1,...,Ap) > D¥(%1,...,5q) — Y agDT (), (4.29)
q=1
if all DT(X,) < oo, where
! 1958y — Pr,Oss4l
0y = —= su 0Sq — oSqll-
q \/aoezpq q Hr, q

In particular, DT (X,) < oo is guaranteed whenever all g < 1.

Let ¥4 = {ong : n € Z} and A, = {\,p : n € Z} be enumerations of the discrete sampling
sets ¥, and A,, and E; C 34, a finite subset of ¥,. Define

Hg = span{©,s, : 0 € E;, q € 9}, (4.30)
where @ = {1,...,Q}. Then HY is a closed finite dimensional subspace of Hg. Since
{Bpsy:0€%,, g€ O}

is a Riesz-Fischer sequence with bound a, we have from Eq. (4.10) that
Q , Q
|23 cuongsal| 2030 3 fen
g=1neNg g=1neNg
where
Ny={n:on €3}

is a finite set. In other words, {©,s,: 0 € ¥, ¢ € Q} is a (Riesz) basis for H, with lower
frame bound a. Then its biorthogonal basis, denoted by {3, : n € Ny, ¢ € Q}, has an upper
frame bound of 1/a, and hence Eq. (4.8) implies that

1804]1? < 1/a. (4.31)

By hypothesis, {O,l, : A € A,, p € P} is a frame for Hy. Denoting its dual frame by

{l,p:n€Z, peP} CHp and using Eq. (4.7), we obtain

H Z Cnplnp
n7p

2
<B el (4.32)
n?p
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for all {c,p} € [* and some constant B > 0. Now, define the following finite-dimensional

subspaces:
Wf(T) = span{Oys, : 0 € By(7) N X, ¢ € Q} C H,
W,f(T) = span{inp :n € ZLy(y,7), p€ P} C Hy,
where
Ip(y,0) ={n: A\yp € By(0)}, ~+>0,7€R. (4.33)

Also let P,f(T)  Hoo — W:?(T) and P,YL(T)  Hoo — Wﬁf(T) denote orthogonal projection
operators onto these subspaces. Before presenting the proof Theorem 4.1, we introduce some

additional definitions and prove some preliminary results.

Lemma 4.3 (Homogeneous Approximation Property). Let f € Hg for some 8 > 0 and
¢ > 0. Then there exists T =T'(f,€,{l,}) > 0 such that

sup |[(I — PYyr(7)Pr, Oo fI| < €
c€B(T)

for ally >0 and 7 € R.

Proof. Let o € B,(7). Then, using Eq. (4.33) and the triangle inequality, we have
I,(I'yo) CZ,(y+T,7), VI >0. (4.34)

Expanding Py, ©, f with respect to the dual frame {inp}, we obtain

P
PrOof =3 ) (Pr 06 f, 05, 1p)ny

p=1nezZ
P -~
= Z Z<@of7 ®>\nplp>lnp7
p=1n€eZ

where the last step follows because ©),,1, € Hr. Using the above representation, and the fact

that P#_F (1) is an orthogonal projection, we have

,
I = Phr () Py 08 < [Pru@of = Y. (005,05, L)l

p=1n€T,(v+I,7)

S SRR AR |

pzl n¢IP ('Y+F7T)
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Combining this with Eq. (4.32) we get

P
I = PYor()Pr, O FIP < BY Y (005,04, L)

p=1n¢T,(v+T,7)

P
<BY > [0sf,00,L)%

p=1ngZ,(T0)

where the last step follows from Eq. (4.34). Letting [, ,(t) =1, ,(—t) and

R
Zfr*lp, Ezjl/p 01, (7)dr

where the bar denotes complex conjugation, we obtain
P
(T = PLr(™) P, O6 1P < BY . > [y — o).
p=1n¢T,(T0)

Observe that hy, € B([—f, 3]) because f € Hg. By hypotheses, the sets {A,} have finite upper

densities. Hence, applying Lemma 4.1, we obtain

I~ Phr(r) Po, ©0 £ <BO'Z / WE(t - o) Pt

—o|>I'— 1

= BC’Z / |\ () dt (4.35)

[t|>T—1

for some C’ = C’({A,}) > 0 and all o € B,(7). Since each b}l € L2(R), the right-hand side of
Eq. (4.35) can be made smaller than €’ for sufficiently large I'. The choice of T' clearly depends
only on ¢, f, {l, : p € P}, and {A, : p € P}. It depends on [ through f. d

The homogenous approximation property roughly states that if we choose I' > 0 sufficiently
large then, for every o such that |c—7| < ~, the projection of ©, f onto Hy, can be approximated
well by a vector in W§J . r(7). The approximation is homogenous in the sense that the choice of

I" does not depend on o, 7, or +.

Proof of the Comparison Theorem. Define
S;oﬁ = PHL@JPHﬁSq, 6>0,0€R.

Let I' = I'(¢, B) be chosen such that the homogeneous approximation property (Lemma 4.3)
holds for € = ey/a and f = P84 for each q. We write I' = I'(¢, 8) to show its dependence
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on these parameters. However, I' also depends on {s;}, {l,}, a, and {A,}, but we do not state

these explicitly because they are fixed quantities. Therefore,
I(I = Pfp(7))8}osll < eVa (4.36)
for all ¥ > 0, 7 € R, and 0 € B, (7). Define
qo,@ =0 ocSq — ﬁ = @USq - PHL@UPHﬁSQ'
Then, using Eq. (4.36), we obtain

I = Pyr(m)Oosqll < (I = Pyir (7)) 84051l + 1 = Pfyr(7)) 0]l
< eva+ syl (4.37)

for all v > 0, 7 € R, and 0 € B,(7). Let T,(7) : W:E(T) — W:?(T) be defined as T, (1) =
PS (T )PVLJFF( 7). We shall compute lower and upper bounds on the real part of the trace of
T, (7). First observe that

Q
ReeTy(r) =Y > R(I(7)O0,,8q: 8ng), (4.38)

=1 opg€X)NBy (1)

where R(-) denotes the real part. We can rewrite each term in the summation as

R(T,(7)Os,, S, ng) = R(PL 1 (7)O0,, 8¢, P (T)3ng)
= R(O0,,, 8¢, P () 3ng) + RU(PLir () = 1)O0,, 80, Py (7)0g)
=1+ R((Pf4r () = )0, 8q, P (7)30q)
> 1= [[(Py4r(T) = 1)Oopy 8qllll3nall

Since 0y, € By(7), we can use Eqgs. (4.31) and (4.37) and the above inequality to obtain

(eva+llsy,,, sl

R(Ty(7)O0,,8q> Sng) > 1 — Ja >1—€e— a:](ﬁ), (4.39)
where
1 1
a;(ﬂ) = — sup ”Sqaﬁ” = — sup 10584 — PrpOcPrysqll- (4.40)
a gex, a gexn
In view of Eq. (4.40) and Lemma 4.2, we have
lim sup o, (6) < —= sup [|©58, — Pr; Oy84]| = ay. (4.41)

B—o00 \/_ o€
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Combining Eqgs. (4.38) and (4.39) gives us a lower bound on the real part of the trace of T (7):
Q
Rtr T (1) = D (1 —e— al(8))#(Sy N By(7)). (4.42)
q=1
For the upper bound, observe that ||T5(7)|| < HPS( )] ’Y+F( 7)|| < 1. Therefore,
P
Rtr Ty (r) < rank T, () < dim WE 1 ( Z #(A, N Byr(1)). (4.43)
Combining Egs. (4.42) and (4.43), we obtain
p Q
S (A N Byyr(7) = S (1 — e — al(B) (S, 1 By(7) (4.44)
p=1 q=1

for all 7,3 >0, 7 € R, and I' > I'(¢, B). Suppose that DT (X,) < oo for all ¢, then any interval
of ¥, is guaranteed to contain a finite number of points. So, we can take Zfl =¥, N[-T,T].
Dividing Eq. (4.44) by 2v and letting T — oo we get

Q

P
%Z#mp A Byar(r) > % S (1 — e — a(B)#(S, N B, (7). (4.45)
p=1 q=1

Taking the supremum (or infimum) of Eq. (4.45) over 7 and letting v — oo, we obtain

Q
D:t(Ab s aAP) > (1 - E)Di(zlv SRR EQ) - Za;(ﬁ)D+(Eq)
=1
Since €, 3 > 0 are arbitrary, we obtain

DE(Ay,...,Ap) > DF(y,..., 20 thsupa Dt (2,).

g=1 B—oo

Using Eq. (4.41), we obtain the desired inequality in Eq. (4.29). Now suppose that DT (%,) < oo
is not a given hypotheses, but all oy < 1. Then, from Eq. (4.41), we conclude that 1—e—aj(5) >
0 for all ¢ and some ¢, 3 > 0. Under this condition, Eq. (4.44) implies 1 — € — ag(3) > 0 for all

q and some ¢, 8 > 0, and hence

#ENBT) < Ty

P
: ( Y #(MyNByir(r), ¢€Q. (4.46)
p=1

The right-hand side of this expression is finite because D (A,) < oo. If any interval Z = B, (1)
contained infinitely many points of ¥, then exists a E; C X, such that Z contains an arbitrarily

large (but finite) number of points of Y. This would clearly violate Eq. (4.46). Thus each
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interval contains finitely many points of ¥,. Letting X = ¥, N [-T,T] with T — oo in
Eq. (4.46), taking the supremum of this equation over 7, and then letting v — oo produces

DT (X,) < co because the sets A, have finite upper densities. O

Note that H; and Hg are arbitrary subspaces in Ho,. However, the comparison theorem
is most powerful when we let the spaces be nearly the same. In this case, the coefficients ay

would be small, thereby yielding the following density bound:
DE(Ay,...,Ap) > DE(2y,...,50) — ¢,

where € > 0 is a small quantity representing the summation in Eq. (4.29) involving the terms
ay. The import of this statement is roughly that a frame, being an overcomplete sequence in
a Hilbert space H, is “denser” (contains more vectors) than a Riesz-Fischer sequence H. By
using an appropriate limiting argument, we can then show that e > 0 can be made arbitrarily
small, yielding

DE(Ay,...,Ap) > DE(%y,...,50).

We illustrate the use of this theorem in the next section, where we derive necessary density

conditions for the MIMO sampling problem.

4.3.2 Density conditions for stable sampling

Theorem 4.1 now allows us to prove the necessary density results for stable sampling in the

MIMO setting.

Theorem 4.2. Suppose that F,., r € R are real sets of finite measure, and A,, p € P are
discrete sets with DT (A,) < oo that constitute a stable collection of MIMO sampling with
respect to G(f) for H = B(F1) x --- x B(Fr). Then for every I1 C P,

R
D ({Apypet)) > u(F) - /]R vank (Grre ¢, (f)) df. (4.47)
r=1
where Cy = {r: f € F,.} and II° denotes the complement of I1 in P. Furthermore, if

inf oy (Gie —0, F=||~F., 4.48
ess info (Gre e, (f)) Tga (4.48)

for some I1 # P, then the inequality in Eq. (4.47) is strict.

Proof. Note that F is the set where Cy is not empty. Let II C P be a fixed subset. We consider
two cases: first suppose that either II = P or Eq. (4.48) does not hold. In this case take Dy = 0.
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Otherwise II # P, so we can define

K =maxC’'(A,)C(1), (4.49)
pelle

where C’ and C are quantities defined in Lemma 4.1. Let ¢y > 0 be such that Ke3 < A/2,
where A is the lower stability bound in Eq. (4.18). Since Eq. (4.48) is satisfied in the second
case, there exists a set Dy such that p(Dgy) > 0 and

Omin (G ¢, (f)) < €0, Vf € Do. (4.50)

Without loss of generality, assume that Dy C [v,v + 1] for some v € R. In fact, Eq. (4.50) is
satisfied in both cases. Let the cardinality of the set C; be denoted by |C¢|, i.e.,

R
Crl =D x(f € ). (4.51)
r=1
Let the dimension of the null space of Grie ¢, (f) be denoted by

p(f) = €y ~ rank (Greg, (£)), (452)

and let the columns of U’(f) € CI¢1*P(f) form an orthonormal basis for the null space of
Guec,(f). For f € Dy, let U"(f) e CI¢I*1 be a unit-norm right singular vector of Grec, (f)
corresponding to its smallest nonzero singular value. We can always choose U’(f) and U”(f)
to be measurable functions. Clearly, U”(f) is orthogonal to the columns of U’(f) for f € Dy.

Therefore,
[U'(f) U"(f)] if | € Do,
U'(f) otherwise,

U(f) =
has orthonormal columns for all f. Let G, be the set where U(f) contains r columns, i.e.,

Gr=A{f:p(f) +x(f €Do) =7}, reR. (4.53)

The sets {G,} are clearly disjoint sets of finite measure. Therefore, for any § > 0, there exist

finite collection of disjoint intervals {Z,; : 7 € R, k =1,..., K, } such that the sets
Kr
g < UZw, rer (4.54)
k=1

approximate G, in the sense that u(G. N GS) < 6/R? and u(G.°NG,) < J/R?. Tt follows that

R
> orul@ingh) < T—‘Z < 6. (4.55)
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It is also clear that |u(G.) — p(G,)| < §/R%. Consequently, we have

R

R
> orulGr) =Y rulGr)
r=1

r=1

< 6. (4.56)

Now, define W"(f) € CF*" on G. for each r as follows:

Ic,U(f) iffeg.ng,
(e1,-+-,e,) if feG.NGE,

W (f) = (4.57)
where I is the R x R identity matrix. Note that the columns of W7 (f) form an orthonormal
set of vectors for each f € GI.. For each r € R, let k and m be indices such that 1 < k < K,
and 1 < m < r. For convenience let ¢(r, k,m) denote an invertible mapping from the triplet

(r,k,m) to a single index ¢:
q(r,k,m) : {(r,k,m):reR, k=1,...,K,, m=1,...,r} — Q,

where Q@ = {1,...,Q} and
R
Q= ZTKT».
r=1

In the rest of the proof, assume that ¢, r, k, and m are related to each other by q = q(r, k, m).
We shall now define several quantities with the intention of eventually using Theorem 4.1 to
derive the necessary density conditions. Let {s,} C Hoo be defined as follows in terms of their

Fourier transforms:

Sq(f) _ Wﬁ,m(f)/ V N(Irk) if f € L, (458)

0 otherwise,
where W (f) is the mth column of W' (f). The sampling set
def n
Y = nez;. 4.59
! { N(Irk) } ( )

has uniform density of 1(Z,1). Since the intervals Z,y, are disjoint, and {W7y ,,(f) :m =1,... 7}

is a set of orthonormal vectors for each r and f, it follows that {O,,,8,: ¢ € Q, n € Z} is an

orthonormal sequence. Let Hg be the closure of the span of this orthonormal sequence, i.e.,

Hs =span{O,, s,:q€ Q, n € Z} C Heo. (4.60)

Ong

Then clearly {©

bound a = 1. In particular, it is a Riesz-Fischer sequence with bound a = 1.

ongSq 1 @ € Q, n € Z} is an orthonormal Riesz basis for Hg with lower frame
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Now define
Hi={z € H: X, (f) = UOU" ()X, (f) ae}. (4.61)

where “a.e.” stands for almost everywhere. It is obvious that H, is a shift-invariance subspace.
To see that H is closed, consider the following argument. Let {x'} € H be a sequence

converging to £*° € Hy,. Then we have

Xp () = UHUY (£ XL, (f) aue.

Also, X*(f) converges to X*°(f) in the L? sense. Hence, there exists a subsequence {i;} such

that as j — 0o, we have X% (f) — X°°(f) a.e. Therefore,

UHUT(HXE(S) = lim UOUT(FXE,(f) = XE(f) ace,

J]—00

or equivalently ¢, € Hy, proving that Hy, is closed.
Suppose that « € Hy. Then using Eqgs. (4.17) and (4.61) we see that

Yue(f) = Guee,(f) X ¢, (f) = Gue e, (HUHUT ()X, (f).

Using the definitions of U(f) and U”(f), we conclude that

Yne(f) =0, f¢Do, (4.62)
1Y 1e(f)l| = |Grie.c, (HU" (HU"™ ()X, (£)ll
< el X(f)ll. f €Dy (4.63)

Equations (4.62) and (4.63) imply that ||Y e (f)|| < eo|| X (f)]|. Hence,

/R 1Y e () 12df < €3l (4.64)

We also see that for each p € II Y, (f) is supported on Dy C [v,v + 1]. Applying Lemma 4.1
to yp, p € II¢ and using Eq. (4.64) yields

S I O)? < K /R 1Y e (F)I2df < Kedllz|, (4.65)

pell¢ neZ

where K is the constant defined in Eq. (4.49). Combining Eq. (4.65) with the first inequality
in the sampling stability condition in Eq. (4.18), we obtain

A
DD )P = (A Ke)||* = Slel® Vo e, (4.66)

pellnez
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where the second inequality above follows from the choice of €. From Eq. (4.18), we obviously

also have

DO ()P < Bl Ve e Hy (4.67)

pellneZ
because Hy, C ‘H. Combining Egs. (4.66) and (4.67), we obtain

A
§||-’JBII2 <Y Y lupOp)” < Bllz|)?, V& € Hy. (4.68)
pell neZ

Let I, = Py, 1, where v, is defined in Eq. (4.19). Recall that Hy, is shift-invariant. Hence,

using Proposition 4.4, we obtain
Oxlp = O, Pr, ¥y, = P, Oy, %, € Hi. (4.69)
Also,
(,O0,,lp) = (T, Py, On,,%,) = (®,0,,,%,) =yp(A\np), VT € Hp. (4.70)

It follows from Egs. (4.68), (4.69), and (4.70) that {©,,,1l, : p € II, n € Z} is a frame for
Hr. Having verified all the required hypotheses, we can now apply Theorem 4.1 to obtain the
following inequality relating the densities of {A, : p € II} and {¥, : ¢ € Q}:

D ({Ap:p€eT}) =D (Sh,...,50) — Y agDH (%), (4.71)
qeQ
where
= S O, — Pre, O]
g = —= sup Sq— Py Sql|-
q Va ces, o8q rY08q
Since Hp, is shift-invariant, we can use Proposition 4.4 to obtain
- sup (1055 — O, Pre, 4]l = =I5 — Pre, 54l = 15 — P, ]
Qg = —= Sup c8q — Yol™H = = —I'K = —I'H )
q Va oex, q £Sq Ja £Sq q £8q

where the last line follows because a = 1. We shall estimate «, in a moment, but first, define

vy € 'H as follows:

if v
Vq(f) _ SQ(f) 1 fGIrkﬁg (472)

0 otherwise.

For all f € Z,;; N G,, we use Egs. (4.57), (4.58) and (4.72) to conclude that

H _ U(f)UH(f)Uo,m(f) _ Uo,m(f) —
U(NHUT(NHV(f) = T T V(f)-
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This proves that v, € H,. Therefore, oy < ||s4—v,||. Using Parseval’s Theorem and Eqgs. (4.58)

and (4.72) we obtain
</”S Gl df> _ (/g WT,;(f)) 2df>2‘

Since W7 (f) is a normal vector, we arrive at the following estimate for «:
on q

/L(Irk N gf*)
B /L(Irk)

Combining Eqs. (4.71) and (4.73) and using the fact that 3, has a uniform density of u(Z,),

Qg (4.73)

we obtain

D ({Ap:ipel}) > > u(T) = Y agu(Zon)

r,m,k r,m,k

= Z ru(Gy) — Z v 1Lk N G o)
T r.k

Using the Cauchy-Schwarz inequality, we obtain

1

D((ayp €T 2 @) — (S rmtr099) (L )

rk
S e (Srusings) (Srun).
Now, Egs. (4.55), (4.56), and (4.74) imply that

Dy ) 2 [ @] - a - [5(5+ X rmign)] (4.75)

Meanwhile, using Eqs. (4.51), (4.52) and (4.53), and the definition of the Lebesgue integral, we

N

obtain
R
> rH(G) = [ 1)+ (s < Dol
:M(Do)+/ [[Cs] — rank (Grie ¢, (f))]df

(Do) +Zu /rank (Grre, cf(f))df. (4.76)

Putting together Eqgs. (4.75) and (4.76), and letting 6 — 0 yields

R
D ({Ay:p €T > u(Dp) + 3 ul(Fy) - /R vank (Griec, (1)) df.

r=1
This proves Eq. (4.47). Finally, recall that if Eq. (4.48) is satisfied for some IT # P, then
1(Dy) > 0, proving that the strict inequality in Eq. (4.47) holds in this case. O
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Theorem 4.2 is a generalization of Landau’s classical result to the MIMO sampling problem.

Letting IT = P in Eq. (4.47), we obtain

R
D_(A17“‘?AP)ZZIU’(JT'T)' (477)
r=1

In other words, the combined sampling density on all the output channels must be no less than
the combined bandwidth of all the input signals. Theorem 4.2 also provides lower bounds on
the joint densities of subcollections of {A,}, and some of them may even be strict inequalities.

In Eq. (4.47), the joint density D~ ({A, : p € II}) is interpreted as an upper bound on the
“signal information” captured by the samples of 3, on those sampling sets. The bound on the
joint densiy of {A, : p € II} depends only on the Grec,(f), i.e., the submatrix of G(f) whose
rows are indexed by the complement of II and columns by Cs. Note that Gp,(f) is irrelevant
for f ¢ F, because X, (f) vanishes outside F,. This explains restriction of the columns to the
set C;f = {r : f € F.}. Suppose that the outputs y,(t), p € II® are completely known for all
t € R. Then Yrne(f) = Guec,(f)Xc,(f) is also known for all f. Then rank (GHc7cf(f)) is
the number of independent components of X (f) that can be determined from Y (f) alone.

Consequently,

/ rank (GHC,Cf (f))
R

is a measure of input signal information that can be captured by knowing the outputs yp,(t),
p € II¢ completely (for all ¢). The additional signal information required from the samples
of {yp(Anp) : p € II} is indicated by the difference of the two terms in Eq. (4.47). This also
explains why Eq. (4.47) depend only on G, (f) for p € TI°.

Next, if some singular value of Grie ¢, (f) takes arbitrarily small nonzero values, then there
is not enough information in Yne(f) = Guec,(f)Xc,(f) to stably recover rank (GHC’Cf ()
independent components of X (f). Therefore, the information contained in the samples of y,(t)
must be a little bit more than right-hand side of Eq. (4.47) for stable reconstruction, and this
explains the strictness of the bound.

The following corollary shows that stability of sampling requires an additional condition on

the channel transfer function matrix G(f).

Corollary 4.1. Suppose that the hypotheses of Theorem 4.2 are satisfied, and let F = J,cr Fr-
Then

inf min HC ¢ ) 4.
ess in Amin (Gie ¢, (f)Gre ¢, (f)) > 0 (4.78)

for every I1 C P, I1 # P such that D~ ({A,, : p € II}) = 0. In particular,

esfsei}_lf Amin (Gile, (F)Gec, (1)) > 0. (4.79)
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Proof. From Theorem 4.2 and Eq. (4.51) we have

R R
D ({Ap:peTl}) > u(F) - / rank (Guec, (f))df =Y u(F) —/ Cyldf > 0.
r=1 R r=1 R

If D=({A, : p € II}) = 0, both the inequalities above must, in fact, be equalities. In particular,
Eq. (4.47) holds with an equality, which implies that

inf min Grie 07
essinf o (Grec, () >

by Theorem 4.2. We also have rank (Gnc,cf (f)) = |Cy|, implying that

)\min(Ggﬁcf (f)GHC,Cf (f)) = [Umin (GHC,Cf (f))]2

Now Eq. (4.78) follows by combining the last two observation. Applying this result to IT = 0,
we obtain Eq. (4.79). O

Equation (4.79), which states that the singular values of Gec,(f) are uniformly bounded
away from the origin, must always hold for stable MIMO sampling. In fact, even if all ouputs
yp(t) are known for all ¢, we cannot stable recover the channel inputs unless Eq. (4.79) holds be-
cause this condition is necessary to satisfy the lower stability bound in Eq. (4.18). In particular,
a more elementary necessary condition that emerges from Eq. (4.79) is that P > |Cs| a.e.; i.e.,
the number of channels cannot be less than the number of overlapping input spectral supports
at any frequency. Next D~ ({A, : p € II}) = 0 implies that the output samples on the sampling
sets {A, : p € II} are too sparse to contain any signal information. Therefore, we must rely
entirely on the outputs samples taken on {A, : p € II°} to achieve stable reconstruction. The
validity of Eq. (4.78) can be seen using the same argument that we used to justify Eq. (4.79).

The following theorem provides another necessary condition for stable sampling.

Theorem 4.3. Under the hypotheses of Theorem 4.2,

ess sup O'max(GH+7cf(f)) < 00, (4.80)
feF

where IT" = {p € P : DT(A,) >0} and F = U, Fr-

Proof. Suppose that Eq. (4.80) fails to hold, then some entries of G+ ¢ ; (f) are necessarily
unbounded on F. So let p, € II'" and r, € R be indices such that for every ¢ > 0, there exists

G C Fro S ¢ [Gporo (F)I? 2 1/},
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satisfying p(G) > 0. Without loss of generality assume that 4(G) < co. Let {Z}, : k=1,..., K}

be a finite collection of disjoint intervals such that

K
g/ - U Zk7
k=1
satisfies (G’ N G°) < 6 and p(G°NG) < 6, where § = eu(G)/(1 + ¢€). It follows easily that

w(G') > u(G) — §. Now at least one interval Zj, satisfies

w(Zk N G°)
A <e. (4.81)

Otherwise, we would have

g/ﬂgc

Mx

K
TN G%) > en(Ty) = en(G) > e(u(G) — 6) =,
k=1 k=1

violating our assumption that p(G' N G°) < 6. So, let Z; denote an interval that satisfies
Eq. (4.81). Define v = 1/(2u(Zy)). Since DT (A,,) > 0, Proposition 4.3 and Eq. (4.21) imply
that there exists 7 € R such that

#(hp. 01 By(7) 2 2(D¥ (Ay,)/2). (182)
Define
X, (f) = e 2T Gy, (f) if f€TkNG,

0 otherwise,

and X, (f) =0 for all » # r,. Then, we clearly have
| < en(Z). (4.83)
Using Eq. (4.17), we conclude that
Yo, (f) = e Tx(f € TN G) = e T [X(f € Tk) — x(f € TN G)],
whose inverse Fourier transform is
Upo (t) = 11(Zy,) sine (u(Zi) (t — 7)) e 2 0U=T) — 67 ge(t —7), tER, (4.84)
where sinc(t) = sin(nt)/(7t) and fy is the midpoint of Z;. Note that

sup|¢z,nge(t)] < u(Zs NG°) < ep(Z). (4.85)
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Then, for all ¢ such that |t — 7| <~y =1/(2u(Zy)), it follows from Eqs. (4.84) and (4.85) that
[Ypo ()] = p(Z) (sinc(1/2) — e). (4.86)

Using Eqgs. (4.82) and (4.86), we obtain

P

Z Z ’yp()‘np)P = Z ‘ypo()‘mvo)’2 > Z ‘ypo()‘)F

p=1neZ nez AEAp,NBy(T)

> 2y(D*(Ap,)/2) [1(Te) (sine(1/2) — €)]”

- %D+(Apo)u(1k)[sinc(1/2) — ¢’

Combining this result with Eq. (4.83), we conclude that

,
33 IOl 2 5 DF () [sine(1/2) — €]

p=1n€eZ

Since € > 0 is arbitrary, and & € H is nonzero, the above conclusion violates the second

inequality of the stability condition Eq. (4.18), proving the necessity of Eq. (4.80). O

In Theorem 4.3, suppose that D" (A,) = 0 for some p € P. Then the samples of y, on
A, are too sparse to provide any useful information. Consequently, the pth row of the G(f)
is irrelevant. Thus, IIT is the set of outputs whose samples are sufficiently dense to provide
information about the inputs. Now, Eq. (4.80) can be interpreted as being equivalent to the
upper stability bound in Eq. (4.18) for stable sampling.

We can view the set of densities
{D~({Ap:pell}): IIC P, II #0}
as a point in R27-1, However, if the sampling sets have uniform densities?, then
D™ ({Ap:pell}) =) D7),
pell

i.e., the joint densities become linearly related to each other, and they can all be described in
terms of the individual densities. The resulting density space is now R, which has a much
smaller dimension. In general, we are interested in constructing stable sampling sets whose
lower and upper densities are the smallest possible. Obviously, it becomes desirable to achieve

minimum density sampling with sampling sets of uniform densities.

2Recall that a sampling set need not have uniform sample spacing in order to have uniform density.
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Definition 4.5. The density region for stable sampling is defined as the collection of all
(dy,...,dp) such that stable MIMO sampling is realizable using sampling sets {A,} of uni-
form densities D(A,) = dp, p € P.

Suppose that every A, has uniform density D(A,) = d,, then the sampling density conditions
in Eq. (4.47) reduce to

> d, > 05(11), VIIC P, (4.87)
pell

R
0s(I1) = u(F) - / rank (Gre,c, (f))df.

r=1 R

Since Eq. (4.87) is a set of necessary conditions whose sufficiency is unknown, the region
specified by Eq. (4.87) is generally an outer bound on the density region. It is clear that
0s(@) = 0 and 6g(I1;) < Og(II3) whenever II; C II;. Using Proposition 4.1, it is an easy

exercise to show that
0s(ITy) + 05(I1y) < Og(I1; UTIy) + O5(I1; N1Ip), VI, I, C P.

These properties of Og(IT) imply that the outer bound on the density region specified by the
system of inequalities in Eq. (4.87) forms a contra-polymatroid [49,50]. Consequently, every
constraint in Eq. (4.87) is active, i.e., the equality in each constraint in Eq. (4.87) holds for
some point in the region.

We now present a simple example to illustrate the necessary conditions for stable MIMO

sampling.

Example 4.1. Consider a MIMO channel with R = 2 inputs and P = 2 outputs having the

following transfer function matrix:

where K(f) = (1—-2f/3)x(f € [0,1.5]) is shown in Figure 4.2. Let F; = [—1,1) and F» = [0, 2)
be the input spectral supports. Figure 4.3 illustrates the input and output spectra for a typical

set of channel inputs.
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K()
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Figure 4.2 K(f).
Xy(f) ()
A T'Y
X(f) Yo(f)
1 0o 1 2 1 0o 1 2

Figure 4.3 Typical spectra of the channel inputs and outputs.

We seek conditions on the sampling sets Ay and As for stable MIMO sampling with respect
to G(f). We have F = F; UFy = [—1,2] and

{1y if fe[-10),
(1,2} if felo0,1),
{2 iffel1,2),

0 otherwise.

Ci={r:feF}=

\

It is easy to check that Eq. (4.80) is satisfied regardless of IIT. Also

2+ K2(f)] = /[2+ K2()] -4
5 :

Omin (Go,Cf (f)) =

This quantity is uniformly bounded from below because K(f) is a bounded function. Hence,

the necessary condition in Eq. (4.79) is satisfied. Applying Theorem 4.2, we obtain the following
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density conditions:
D™ (A1, Ag) > p(Fr) + u(Fa) =4

D (M) > p(F)) + ul(F) — /R vank (G, (/) df

:4—/ﬁ odf — [ 1df — | 1df =2
[—1,0] [0,1] [1,2]

D™ (Ag) > p(Fy) + ul(F) - /R vank (G, (f)df
. /[—1,0} [ 1 - /M (K () # 0)df
= 1.5.

Now, a simple calculation reveals that

1 lffe [_170)7
omin(Gre, (f)) = S 1+ K2(f) if f€10,1),
K (f)| if fell,2).

Clearly, this quantity takes arbitrarily small values in the vicinity of f = 1.5, where K(f)
vanishes. Hence, the bound on D~ (Ag) is indeed a strict inequality. Another calculation

reveals that?

oo if fe[-1,0),
Omin (GZ,Cf (f)) = 1 if f € [07 1)7
1 iffell,?2).

Hence, we cannot guarantee that the bound on D~ (A1) is a strict inequality. Thus, we obtain

the following conditions on the joint densities:
D_(Al,Ag) >4, D_(Al) > 2, and D_(Ag) > 1.5.

We shall now explain the above bounds intuitively. First of all, we can interpret Landau’s
classical sampling density result as follows: the sampling density must be no less than the
number of units of signal information, where a unit of signal information, roughly speaking,
equals the information contained in a unit bandwidth of a signal spectrum. In other words,

sampling at unit density provides no more than one unit of signal information. In the MIMO

3Recall that we take Omin(A) =0 if A =0.
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problem, the condition D~ (A1, A2) > 4 is a natural generalization of Landau’s result because
the combined bandwidth of the input signals in 4 units.

Next, from at Figure 4.3, we see that Y3(f) is unaffected by X1 (f). Therefore, X;(f) on the
set [—1,0) must be reconstructed from the samples of y, alone. In order to reconstruct X (f)
and Xa(f) on [0,1), it is clearly necessary that Yi(f) and Ya2(f) on [0,1) be reconstructible
from their samples. Now, Xa(f) on [1.5,2) must be reconstructed based entirely on Ya(f).
Combining all these observations, we see that the samples of y; contain enough information to
reconstruct Y7 (f) on [—1,1), while the samples of y contain enough information to reconstruct
Yo(f) on [0,1) U[1.5,2). This explains that D~ (A1) > 2 and that D~ (A2) > 1.5. Suppose that
D~ (Ay) = 1.5, then roughly speaking, there is just enough information in the samples of y2 to
reconstruct Ya(f) on [0,1) U[1.5,2). Consequently, we must reconstruct Ya(f) = Xo(f) for all
f € [1,1.5) based entirely on the samples of y1. Now, Y1(f) = K(f)X2(f) for f € [1,1.5), where
K(f) takes arbitrarily small values on [1,1.5). Hence, this inversion cannot be accomplished
stably, justifying the need for D~ (Ay) > 1.5.

Finally, we point out that we can have undersampling at each output and yet can be able to
reconstruct all the inputs jointly from the available information. For instance, we do not need
D~ (A1) > 2.5, even though y; has a bandwidth of 2.5. To see this, we construct a sampling
scheme for which the densities (di,d2) = (2,2) are achievable, where d, = D(A,), i.e., A, has a

uniform density of dj,. Let Ay and Ap be uniform sampling lattices:
Aq :AQZ{H/QZHGZ}.

Clearly, 2 = x5 can be reconstructed stably. Now, the samples of z; on Ay can be computed

as follows:

r1(An1) = y1(An1) — b * 22(An1),
because x5(t) is known for all ¢. Thus, x2 can also be reconstructed stably. However, it is not
immediately clear whether all densities satisfying the necessary conditions are achievable, or
how to achieve them.

4.3.3 Density conditions for consistent reconstruction

We now present the necessary condition for consistent MIMO reconstruction, which is a

dual problem to the one of stable sampling.

Theorem 4.4. Suppose that F,., r € R are real sets of finite measure, and A,, p € P are

discrete sets that constitute a collection of consistent reconstruction with respect to G(f) for
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H=B(F1) x--- x B(Fr). Then for every II C P,

DYy p €Y < [ rank (G, (7). (4.89)

where Cf = {7’ e fr}. Furthermore, if
ess inf omin (G11 f1)=0, F= l Fr, 4.89

for some T1 £ (), then the inequality in Eq. (4.88) is strict.

Proof. First note that the consistency condition implies that
{Ox, %, 0 €L, n € Z}, (4.90)

is a Riesz-Fischer sequence in ‘H, where 1, is defined in Eq. (4.19). Let Il C P be a fixed
subset. Consider the following two cases. First suppose that either II = @, or D" (A,) = oo for
some p € II, or Eq. (4.89) does not hold: in this case take Dy = (). Otherwise, DT (A,) < oo for
all p € IT # (). So, we can define

K =maxC’'(A,)C(1) < oo, (4.91)
pell

where C" and C' are quantities defined in Lemma 4.1. Since Eq. (4.89) is satisfied in the second
case, we can find a set Dy such that u(Dp) > 0, and

omin(Grie, (f)) < e, Vf € Do. (4.92)

where ¢y > 0 is such that K eg < a/4, and a is the bound for the Riesz-Fischer sequence in
Eq. (4.90). Assume without loss of generality that Dy C [v,v + 1] for some v € R. Thus,
Eq. (4.92) is satisfied in both cases. Let the dimension of the range space of chf(f) be
denoted by

p(f) = rank (G, (f)), (4.93)

and let the columns of U’(f) € CI/*P(f) form an orthonormal basis for the range space of
Gg’c f( f). Note that p(f) is defined differently from p(f) in the proof of Theorem 4.2. For
f € Dy, let U"(f) € CI¢IX1 be a unit-norm right singular vector of Grc,(f) corresponding
to its smallest nonzero singular value. There is no loss of generality in assuming that the first

column of U'(f) equals U”(f) for all f € Dy. Hence, for f € Dy, we can write

U'(f)=[U"(f) Ul
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for some U(f). For f & Dy, let U(f) = U'(f). The columns of U(f) are clearly orthonormal.
Note that U’(f) and U”(f) can be assumed to be measurable. The matrix U(f) has r columns
for f € G,., where

Gr=A{f:p(f) —x(f€Do) =71}, reR. (4.94)

Each G, has finite measure. Since the sets {G,} are disjoint, we can find, as in the proof
of Theorem 4.2, a collection of disjoint intervals {Z,; : r € R, k = 1,..., K.} and sets G
as in Eq. (4.54) such that Egs. (4.55) and (4.56) hold. In the rest of the proof, assume that
q = q(r, k, m) for some invertible index-mapping as in the proof of Theorem 4.2. Define W' (f) €
Chxr S,(f), and %, exactly as in Egs. (4.57), (4.58), and (4.59), respectively. Also let Hg
be the closed subspace of Hy, defined as in Eq. (4.60). Using arguments similar to those in
Theorem 4.2, we see that

{6, 8q:q€Q, ne€L}

Ongq

is an orthonormal Riesz basis for Hg. In particular, it is a frame for Hg. It is also easily verified
that Hg is a shift-invariant subspace of Hyo.

Now, {@Anpv,bp :p € II, n € Z}, being a subcollection of the set in Eq. (4.90), is also a
Riesz-Fischer sequence in H. Let {c,p}, p € II be some finite sequences. Then Eq. (4.20)
implies that

xEBy

2
max ‘ Z cnpyp()\np)‘ > az |Cnpl?. (4.95)
n,p n,p

Let ° € By be the maximizer of the left-hand side of Eq. (4.95), and Y°(f) = G(f)X°(f),
its corresponding MIMO channel output. Then,

|3 cupty )| = Vallel. (4.96)
n7p
Next, the subspace
Hp={z e H: Xc,(f) =UHU(f) X, (f) ae} (4.97)
is closed and shift-invariant by the same argument as in the proof of Theorem 4.2. Note that

X(f)=Toc,UNHU (f)Ic; o X(f) (4.98)

is an equivalent way of stating * € Hy, because X¢ f( f) captures all the nonzero elements of

X (f) for every & € H. Let ' € H be defined as follows:

Xe, (f) =UHUT(£) X, (f).

78



Evidently ' € Hp and |#'|| < 1 because U(f) has orthonormal columns. Let Y'(f) =
G(f)X'(f) and Y"(f) =Y°(f) = Y'(f). Then for all f ¢ Dy, we have U(f) = U’(f). Hence,
using the definition of U’(f), we conclude that

Y1i(f) = Gue, (£)[X2, () - U (HU (N XE,(f)] =0. (4.99)

For f € Dy, we have U(f)UX(f) = U (HU™ (f) — U" (U (f). Hence,

YN = Gue, (£)[X2,(f) = UNOU" () XE, (5]
= |G, (NU"(HU™ (H XL, ()l
< ol X2, (). (4.100)

Combining Egs. (4.99) and (4.100), and using ||z°|| < 1, we have

/ ||Y 6(2) if ,u('D(]) > 0,

NIPdf < (4.101)
0 if u(Dy) = 0.

Notice that Y,'(f) is supported on Dy C [v,v + 1] for all p € II. Recall that (Do) > 0 implies

that DT (A,) < co. In this case, we can invoke Lemma 4.1 to conclude that

SN ) < Keg, (4.102)

pell neZ

where K is the constant defined in Eq. (4.91). However, if u(Dy) = 0, then Y{;(f) = 0 from
Eq. (4.101), and hence, Eq. (4.102) holds trivially. In other words Eq. (4.102) always holds,

and using the Cauchy-Schwarz inequality, we conclude that

‘ > Cnpyg(%p)( < VEe|lc], (4.103)

pellnez

Recall that € is chosen so that Ke2 < a/4. So, combining Eqs. (4.96) and (4.103) and noting
that y, = y, — y,, we obtain

3 )| = (Va— VE@)el = el

pell neZ

Since the quantities {91/9} are the channel outputs corresponding to an input x’ € H, satisfying

S o] = Sel” (4.10)

pellneZ

l2'|| <1, we have

max
(IEEBHL
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Define I, = Py, 1, Since Hy is shift-invariant, we obtain ©, 1, € Hy and y,(A\p) =
(x,0),,,lp) using the same argument as in Egs. (4.69) and (4.70). Therefore, Eq. (4.104)

2 _a
|23 cwon, ]| = Slel?

pellnez

implies that

for all finite sequences {cpp}, p € II. Then we conclude, using Eq. (4.10), that {©,,1, : p €
I, n € Z} is a Riesz-Fischer sequence in Hy with bound a/4.

To avoid confusion, we point out that the quantities associated with the frame in this proof
are Hg, g, 84 etc., while those associated with the Riesz-Fischer sequence are Hy,, Ay, 1, etc.
This is opposite from the convention adopted in the proofs of Theorems 4.1 and 4.2. We shall

estimate the quantities
4
p = \/j sup [|Oxlp — PrsOaly||
a XeAp

defined in Theorem 4.1 shortly, but first, we define v, € Ho for p € II as follows:

L if ''NG,, fi ,
V() = »(f) if f€G.NG,, for some r (4105)

0 otherwise.
Since I, € Hy, Eq. (4.98) implies that
Ly(f) = Loc,U(HU (F)Ic; o Ly(f).
Therefore, whenever f € G. N G,, we have
Vo(f) = Loc,U(HUY (F)Ic; o Ly(f)

=Y Lec,Uen(NUL(NIe;oLy(f)].
m=1

Using Egs. (4.54), (4.58), and the above observation, we can express V,(f) as a linear combi-

nation involving S,(f):

R K, r
V£ =D V@) Se(N[UL Ay o Lp(£)]X(f €Gr), fER.
r=1k=1m=1

Now, the quantity [U fim( e, o Lp(f)] is clearly square-integrable, and we conclude that v, €

‘Hs. Recall that Hg is shift-invariant. Thus, using Proposition 4.4, we obtain

4
ap = \/; sup [|©Oxl, — PrgOal, ||

AEA,
2

" Va

Hlp - PHslpH <

2
%”lp_”pu'
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Using Parseval’s theorem and Eq. (4.105), we obtain the following estimate for a,:

N VALGE Vp<f>u2df)é
- %(ﬁjj / . RGN

The last expression can be made arbitrarily small for sufficiently small d, because each L,(f)
is square-integrable, and p(G. N G¢) < §/R?. Hence, for any € > 0 and sufficiently small § > 0,
we can guarantee that a;, < e. Applying Theorem 4.1, we obtain DT (A,) < oo for p € IT and

D¥(%1,...,8q) = DT({Ay :p € II}) = Y e, DF(A). (4.106)
pell

Using the estimate for oy, and the fact that ¥, has a uniform density of p(Z,x) in Eq. (4.106),

we obtain

D (A pe)) < 3 ulT) +e 3 DA
k pell

=
3

Il
M=

rp(Gr) +ey DY)

1 pell

%
Il

M=

<> ru(Ge) +6+€> DH(A). (4.107)

pell

ﬂ
Il
—

Using Eqgs. (4.93), (4.94), and the definition of the Lebesgue integral, we have

R
;Tﬂ(gr) = /R [p(f) = x(f € Do)|df = /Rrank (Gre, (f))df — u(Do). (4.108)
Combining Eqs. (4.107) and (4.108), and letting d,e — 0, we obtain
DY({A,:pell}) < /Rrank (Gn,cf(f))df — u(Dy).

This proves Eq. (4.88). We have already demonstrated that DT (A,) < oo. Therefore, if
Eq. (4.89) is satisfied for some II # (), we have u(Dy) > 0, implying that the inequality in
Eq. (4.88) is strict. O

Theorem 4.4 is the generalization of Landau’s necessary density condition for interpolation.

In particular, if G(f) satisfies Eq. (4.79), then

rank (Grie, (f)) < [Cyl.
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Under this condition, it follows from Eq. (4.88) for II = P that

R
DV(Ay,... Ap) <> u(F), (4.109)
r=1

which states that the joint density of A, cannot exceed the combined bandwidth of the input
signals. Note that Eq. (4.79) need not hold for consistent reconstruction, and we would get
a stronger upper bound on the joint density than Eq. (4.109) when Eq. (4.79) does not hold.
Theorem 4.4 also provides conditions on the joint densities of all subcollections of {A,}. We

have already seen that the quantity

/R rank (Gn,cf (f))df

is a measure of “signal information” contained in the samples of {y,(\,p) : p € II}. We can
think of y,(Anp) = cpnp as constraints that restrict the freedom of the input . In the consistent
reconstruction problem, we interpret the constraint density DT ({A, : p € II}) as a lower bound
of this lost freedom measured in units of signal information. For the existence of a solution to
the consistency problem, we require that the constraint density be no more than the amount
of signal information present in the inputs, thereby justifying Eq. (4.88).

The following corollary is an exact dual of Corollary 4.1.

Corollary 4.2. Suppose that the hypotheses of Theorem 4.4 are satisfied and F = \J,cr Fr,
then

ess. inf Amin (G ¢, (/)Grie, (f)) > 0, (4.110)
for every 1 C P, I # O such that
R
DH({Ay i pe T} = 3 u(F), (4.111)
r=1

Proof. From Theorem 4.4 and Eq. (4.51), we have

R
D+({Ap:p€1_[})§/Rrank (Gnvcf(f))dfg/R]Cf\:;u(}}).

If Eq. (4.111) holds, then both the above inequalities are, in fact, equalities. Then observe
that Eq. (4.88) is satisfied with an equality, implies that Eq. (4.89) fails to hold. Also,
rank (GH,Cf (f)) = |Cy|, implying that

Amin (Gg,cf(f)GH,cf(f)) = [omin (Gric; (f))]2

Now Eq. (4.110) follows by combining the last two observations. O
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Corollary 4.2 can be interpreted as follows. Suppose that the smallest singular value of
Gric, takes arbitrarily small values, then there are inputs with unit energy that can produce
outputs y,, p € II of arbitrarily small energies. Roughly speaking, this means that we can find
an [? sequences {cnp} for which the consistency problem does not have a finite-energy solution
x € 'H if we are operating at the critical sampling density, i.e., with an equality in Eq. (4.88).

Once again, we consider the case where the sampling sets have uniform densities, as it

enables us to reduce the dimension of the space of densities from R27-1 to RP.

Definition 4.6. The density region for consistency is defined as the collection of all (d1,...,dp)
such that consistent MIMO reconstruction is realizable using sampling sets {A,} of uniform

densities D(Ap) = d,, p € P.
Suppose that every A, has uniform density with D(A,) = d,,, then the consistency conditions
in Eq. (4.88) reduce to

> dy > 0c(), VIICP, (4.112)
pell

0 (IT) :/Rrank (Gnvcf(f))df.

As in the case of stable MIMO sampling, the above region is an outer bound on the density
region for consistency. Next, observe that ¢ () = 0 and 8¢ (I1;) < 6¢(Il3) whenever IT; C Il.

Consequently, we can use Proposition 4.1 to show that
Hc(Hl) + ec(Hg) > 90(H1 @] Hg) + ec(Hl N Hg), VIIy, 1, C P.

These properties of 6c(IT) imply that the system of inequalities in Eq. (4.112) forms a poly-
matroid [49, 50], implying that every constraint in Eq. (4.112) is active for some point in the
region.

We now present at an example to illustrate the results for consistent reconstruction.

Example 4.2. Let the MIMO channel and the input spectral supports be as defined in Exam-
ple 4.1. We seek necessary conditions on the sampling sets A; and Ay for consistent reconstruc-
tion. Fortunately, we have already performed all the necessary calculations in Example 4.1.
Applying Theorem 4.4, we obtain the following bounds on the joint densities:

DT (A1, As) < / rank (Gac, (f))df = 4,
R

DT(A) < / rank (Gch(f))df = 2.5,
R

Dt (Ag) < /Rrank (G27cf(f))df =2
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These inequalities can be justified as follows. The combined bandwidth of the inputs is 4,
requiring DV (A1, Ay) < 4 for consistency. Now, if consistent reconstruction of x; and x5 is
possible, then in particular, we must also have consistent reconstruction (or interpolation) of y;
and yy from their respective samples. Looking at Figure 4.3, pg. 74, we see that Ya(f) = Xa is
bandlimited to [0, 2). Therefore, by Landau’s interpolation density result, we require D" (Ay) <
2 for consistent reconstruction of ys. Finally, Y7(f) is bandlimited to [—1, 2.5), thereby requiring
DT (A1) < 2.5. However, Dt (A1) = 2.5 is not allowed because K (f) is arbitrarily small in the
vicinity of f = 1.5.

We now show that the point (di,ds) = (2,2) is achievable, where d,, = D(A,) for sampling
sets {A,} of uniform density. Let A; and Ay be defined as in Example 4.1. Let {c,1} and {cn2}
be [? sequences. Then the problem ya(An2) = cpa clearly has a solution 3, € B([0,2]). Now, the
sequence d,, = k x x9(\,1) is square-summable because K(f) is a bounded function, implying

that
21 (A1) = y1(An1) — k* 22(Ap1) = cn1 — dy,

also has a solution z; € B([—1,1]). This proves that (d;,d2) = (2,2) is achievable.

Remark. Recall that a collection of sets that is both a collection of stable sampling and
consistent reconstruction provides a Riesz basis for the space H. Unfortunately, the existence
of such bases is dificult to prove (or disprove) for a given H. In fact, the simpler problem of
finding exponential Riesz bases for B(F) is still unsolved except for special sets. For instance,
the simplest case F = [a,b] is very well studied, and Riesz bases are easy to construct for
B(F). The problem is also solved when F is a finite union of intervals of whose lengths are
commensurate, or an arbitrary union of two intervals [51-53]. However, even the case where F

is an arbitrary finite union of intervals is unsolved.

4.4 Summary

In this chapter, we formulated the MIMO sampling scheme and defined the notions of stable
MIMO sampling and consistent MIMO reconstruction. These notions are generalizations of the
definitions of stable sampling and interpolation for classical sampling. We also generalized the
definitions of upper and lower sampling densities applicable to collections of sampling sets.

Strengthening an idea of Grochenig and Razafinjatovo, we proved a comparison theorem,
which in turn allowed us to deduce necessary density conditions for stable sampling and con-
sistent reconstruction in the MIMO setting. For the stability of MIMO sampling, we find that

a family of 28 — 1 bounds hold—a lower bound on the joint lower density of each nonempty
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set of output sampling sets. Similarly we find that a family of 2 — 1 hold for the consistency
problem. This time, they are upper bounds on the joint upper densities of the sampling sets.
These bounds generalize density results that Landau derived for the classical sampling prob-
lem, and like Landau’s results, they are fundamentally important bounds. Since the MIMO
sampling scheme is extremely general, and encompasses various sampling schemes such as Pa-
poulis’s generalized sampling, and multicoset or periodic nonuniform sampling as special cases,
we have automatically generated necessary conditions for all these sampling schemes.

Finally, we point out that the comparison theorem is a general and powerful result. If the
relevant frames vectors, Riesz-Fischer sequences and their parent spaces are defined properly
in the theorem, it has potential use for deriving density results for other class of input signals

such as wavelet and spline spaces.
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CHAPTER 5

SAMPLING THEOREMS FOR UNIFORM AND PERIODIC
NONUNIFORM MIMO SAMPLING OF MULTIBAND
SIGNALS

5.1 Introduction

The study of MIMO channel equalization is motivated by applications in multichannel de-
convolution and multiple source separation. Some example applications where MIMO channels
arise are multiuser or multiaccess communications, multichannel image restoration, and geo-
physical data processing [37-43]. In practice, the equalizer is implemented using digital signal
processors. However, the MIMO channel inputs and outputs are continuous-time signals, im-
plying that the channel outputs need to be sampled prior to processing by the digital system.
Hence, the problem is equivalent to reconstructing the channel inputs from the sampled out-
put signals. In other words, the MIMO channel inversion problem can be restated as one in
sampling theory, and we call this sampling scheme MIMO sampling. Most work to date on
multichannel deconvolution has addressed discrete-time channel models, apparently assuming
that each output is sampled at the appropriate rate common Nyquist rate sufficient for recon-
struction of each output. However as we demonstrate in this chapter, this is not necessary, and
appropriately chosen nonuniform sampling schemes with lower average sampling density suffice
for perfect reconstruction of the MIMO channel inputs.

Although motivated by real world problems, MIMO sampling is an important problem in
sampling theory in its own right. Several sampling schemes can be expressed as special cases of
the MIMO setting. For example, for a SIMO channel (i.e., R = 1), the outputs are filtered and
uniformly sampled versions of a single input signal. In other words, this is precisely Papoulis’s
generalized sampling [12]. Additionally, if the channel filters are chosen to be pure delays, we
obtain multicoset or periodic nonuniform sampling of the input which has been widely studied

[14-24], as it allows us to approach the Landau minimum sampling for multiband signals [6].
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Seidner and Feder [13] provide a natural generalization of Papoulis’s sampling expansions for a
vector inputs whose components are bandlimited to [—B, B]. Their sampling scheme is clearly
a special case of MIMO sampling. We deal only with multiband signal spaces, and we refer
the reader to [44] for some results on multichannel sampling for general signal spaces such as
wavelet and spline spaces.

We derived necessary sampling density conditions for the MIMO problem in Chapter 4. It
is not clear if those conditions are sufficient, however they indicate the potential for reduction in
the sampling density needed for stable sampling relative to the Nyquist rate. In this chapter, we
demonstrate how to achieve stable sampling and reconstruction at rates lower than the Nyquist
rate. We can think of these results as partial sufficient conditions for stable MIMO sampling,
although we do not provide explicit bounds on the sampling densities themselves. These results

complement our results in Chapter 4.

5.1.1 Problem formulation

Figure 5.1 illustrates the block diagram for MIMO sampling. The channel is shown to the
left of the dashed line, and its inputs x,(t) are assumed to be continuous-time signals. The
channel is modeled as a linear time-invariant system. The channel outputs are sampled at a
uniform rate of 1/7" to produce discrete-time sequences, zp[n]. From a practical viewpoint, we
can interpret this as the sampling step prior to processing digitally. The reconstruction block,
shown to the right of the dashed line, inverts the MIMO channel to produce estimates Z(t)
of the input signals. In the context of MIMO sampling, we showed in Chapter 4 that stable
sampling and reconstruction of the inputs imposes lower bounds on the sampling densities on
the various channels. These results are analogues of Landau’s classic minimum density results

for multiband sampling [6].

t=nT
t |
o O > iznl - x
: Channel t=nT - | Reconstruction :
XR(t) ] yP (t) zp[n] | )?R(t)

Figure 5.1 Models for MIMO sampling and reconstruction.
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The problem that we address in this chapter is a special case of MIMO sampling problem
introduced in Chapter 4, where the channel outputs are sampled uniformly. Even though we
consider only uniform sampling of the MIMO channel outputs, we shall see later that this
sampling scheme is fairly general, and it encompasses most periodic nonuniform sampling of
the channel outputs, with sampling at different rates on different channels.

We study the following issues in this chapter: (a) the relation of stable MIMO sampling to
frame theory, and (b) the necessary and sufficient conditions on the channel allowing to achieve
perfect reconstruction of the inputs under uniform sampling. We focus entirely on the uniform
sampling problem, with the understanding that results for the periodic nonuniform case can be
obtained similarly.

This chapter is organized as follows. Section 5.2 contains some notation and definitions used
in the rest of the chapter. In Section 5.3 we present models for the channel and reconstruction.
The input signals are modeled as multiband signals, with different band structures. Section 5.4
deals with the problem of perfect reconstruction of the channel inputs. We explore the connec-
tion between MIMO sampling and frame theory. The computation of the frame bounds enables
us to determine necessary conditions on the input signal spaces, the channel characteristics,
and the sampling rate for the existence of reconstruction filters that achieves stable and perfect
reconstruction of the inputs. We also present additional conditions under which there exist
reconstruction filters that are continuous in the frequency domain. This, as elaborated later, is

important from the viewpoint of FIR filter design.

5.2 Preliminaries

We begin with a some basic definitions and notation. We denote the Fourier transform of

a continuous-time square-integrable signal x(t) by

X(f) = /Rx(t)e‘j?”ftdt.

Similarly, for a discrete-time signal y[n], we define its Fourier transform be
Yl = 3 gfnle 7
nez

In general, we denote discrete-time and continuous-time signals (either scalar-valued or vector-
valued) using lower-case letters, and their Fourier transforms by the corresponding upper-case
letters. Let the class of continuous, finite-energy signals bandlimited to the set of frequencies
F be

B(F)={zx e L*(R)NC(R): X(f) =0, Vf & F}. (5.1)
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Denote the interior and closure of a set S C R by intS and S, respectively, the class of
complex-valued matrices of size M x N by CM*N the conjugate-transpose of A by A, its
pseudo inverse by AT. For a given matrix A, let Ap c denotes the submatrix of A corresponding
to rows indexed by the set R and columns by the set C. The quantity A, ¢ denotes a submatrix
formed by keeping all rows of A, but only columns indexed by C, whereas Ar o denotes the
submatrix formed by retaining rows indexed by R and all columns. We use a similar notation
for vectors. Hence, X is the subvector of X corresponding to rows indexed by R. We always
apply the subscripts of a matrix before the superscript. So A%C is the conjugate-transpose of
AR .. When dealing with singleton index sets R = {r} or C = {c}, we omit the curly braces
for readability. Therefore, A, and A, . are the rth row and the cth column of A, respectively.
For convenience, we always number the rows and columns of a finite-size matrix starting from
0. For infinite-size matrices, the row and column indices range over Z.

The identity matrix of size N X N is denote by Iy, and the zero matrix by 0. We denote
the indicator function by x(-). Finally, suppose that S is a subset of R or Z, and a is an element

of R or Z. Then

S®a={s+a:seS}
Sca={s—a:seS},
aS ={as:s e S},
Smoda = {smoda:s e S}.

denote, respectively, the positive and negative translations, scaling, and the modulus of S by a.

5.3 Sampling and Reconstruction Models

Let the input and output signals of the MIMO channel depicted in Figure 5.1 be represented

in vector form as

xo(t) Yo(t)
2(t) = mlz(t) and  y(t) = ylft) . (5.2)
zr-1(1) yp—1(t)

For convenience, define R = {0,1,...,R—1} and P ={0,1,..., P — 1}. These sets index the

components of the input and the output vectors. For each r € R, we model z,(t) as a multiband
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signal z,(t) € B(F,), where the spectral support F, is a finite union of disjoint intervals:
Nr
Fr = U [am,bm), ar < le <app <:--<apn, < b,«NT. (5.3)
n=1

The channel inputs need not have the same multiband spectral support. Figure 5.2 shows such

an example for R = 2, which will be used throughout the chapter for illustrative purposes.

@) ]

0 04 075 09 1

(b)

0 025 05 1

Figure 5.2 Example multiband input spectra Xo(f), and X1(f) to a MIMO channel with
R=2.

We model the MIMO channel as a linear and shift-invariant system. Thus, we can write

y(t) = g * (t) = / g(t — )z (7)dr,

R

where * denotes convolution and

goo(t) -+ gor-1(t)
g(t) = : : e CPxR

gp—1,0(t) -+ gp—1,r-1(t)

is the impulse response matrix of the channel. Therefore,

Y(f) = G(HX(), (5.4)

where X (f), Y(f), and G(f) are the Fourier transforms of x(t), y(t), and g(t), respectively.
In particular, G(f) is the channel transfer function matriz. The channel outputs are sampled

at t =nT, n € Z, and we denote these output quantities by z,[n] = y,(nT’), or in matrix form

by

z[n] = : =y(nT), nelZ.
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Then, it is clear that

Z] :%%Y(V;l), ve0,1)

:%%G(V;Z)X(V;l>, v eo,1), (5.5)

where the second line follows from Eq. (5.4). We model the reconstruction block as follows:

E(t)=> h(t—nT)zn], (5.6)
neZ
where
hoo(t) -+ hop-1(t)
h(t) = : : e ChxP,
hr-10(t) -+ hr—1,p-1(t)

It is clear from Eq. (5.6) that the entire MIMO system (consisting of the channel, the samplers

and the reconstruction block) is invariant to a time-shift by a multiple of T', i.e.
z(t) » &(t) = x(t—nT) - &(t—nT), VneZtecR.

Conversely, Eq. (5.6) is the most general linear transformation that allows this invariance.

Taking its Fourier transform and rewriting in matrix form yields
X(f)=H(HZ[fT], feR (5.7)

where H(f), the Fourier transform of h(t), is the reconstruction filter matriz. Owing to the

periodicity of Z[v], we can rewrite Eq. (5.7) as
X‘(f+£>:H<f+£)Z[fT] ez fe[o l). (5.8)
T T ’ ’ T
We can now rewrite Egs. (5.5) and (5.8) compactly as

Z[fT) = G(f)X(f), (5.9)
X(f) =H(f)Z[fT), (5.10)

for f € [0,1/T), where X (f) and X (f) are the modulated input and reconstructed vectors whose

entries are

Xrr(f) =X, (f + %), (r,]) e R X Z, (5.11)
'X‘:Rl-l-r(f)’ :Xr<f+%>7 (TJ) € R x Z, (512)
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while G(f) and H(f) for are the modulated channel and reconstruction matrices whose entries

are
1 l
gp,Rl-H“(f) = TGpr <f + T)) (parv l) EPXRx Z7 (513)
l
Hiwrrof) = Hop(F+ 5 ). (b)) € P xR XL (5.14)

Note that, even though these matrices have infinitely many columns or rows, only a finite
summation is involved in Eq. (5.9) because the components of X (f) are bandlimited implying
that only a finite number of entries in X' (f) are nonzero. In the next section, we seek conditions
on the channel and the inputs, that guarantee perfect reconstruction of the input signals, or
equivalently, perfect inversion of the channel.

We consider only uniform sampling in this chapter. Fortunately, most periodic nonuniform
sampling schemes can be expressed as special cases of uniform sampling. To see this, consider

the following situation where the pth channel output y,(t) is sampled at
teA,={nT,+N\p:k=0,...,K, —1}.

The sampling patterns periods for the pth output channel is 7,, and the average sampling
density of the pth output is K,/T,. First, consider the case where all the periods are equal,
i.e., T, =T. Then, we can write

Kp—1

Ap= | @2+ ).
k=0

In other words, A, is composed of a union of K, uniform sampling sets of density 1/7". Consider
a hypothetical MIMO channel whose transfer function matrix is obtained by performing the
following modification to G(f). We replace the pth row of G(f), namely G,.(f), by the
following K, rows: G e(f)e 72"/ k =0,..., K, — 1. The new channel matrix has Zp K,
rows, and the samples of the new outputs taken at ¢ = nT" are precisely equal to the samples
of the old MIMO channel outputs taken on the periodic nonuniform sampling sets {A,} and
reordered. Next suppose that the different channels have unequal but commensurate sampling
periods, i.e., that the ratios of sampling periods are rational numbers: T, = (m,,/n,)T’, for some
myp,np € N, and T' € R. In this case, a common period for all the sampling sets {A,} is T'[] nyp,
and an argument as before allows us to convert this to uniform sampling of the outputs of a
hypothetical MIMO channel. The upshot of this argument is that most periodic nonuniform
sampling (except those with non-commensurate periods) may be recast as a uniform sampling
problem. Of course the price to pay is that the hypothetical MIMO channel has many more

outputs. We illustrate this in the following example.
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Example 5.1. Let G(f) be the channel transfer function matrix of a MIMO channel with
P = 2 outputs. Let the sampling sets for the channel outputs be as depicted in Figure 5.3, i.e.,

Al ={3n,3n+0.5:n € Z},
Ay ={2n:neZ}.

These sets are clearly commensurate because sampling periods 77 = 3 and T» = 2 are such that
Ty /T, is rational. A common period for the two sampling sets is obviously 6. Indeed, we have

3
A = U (6Z + 1), {Ma:k=0,...,3} ={0,0.5,3,3.5},
k=0
2

Ay =JO6Z+ Me2), {Mr2:k=0,...,2} ={0,2,4}.
k=0

Hence, the modified channel has six outputs and the rows of its transfer function matrix G(f)

are given by
ék,.(f) = GO,O(f)e_jZWf)\kJ) k= 07 17 27 37
Grrae(f) = Gra(f)e 22, k=0,1,2.
If the outputs of the hypothetical channel are sampled uniformly at ¢t = 6n, n € Z, we essentially

obtain a reordered sequence of the samples of the original MIMO channel outputs taken on the

samples sets A; and As.

0 05 3 35 6 6.5 9 95

Figure 5.3 Commensurate periodic nonuniform sampling sets.

We have shown that commensurate periodic nonuniform sampling is really uniform sampling
in disguise, because their equivalence is shown using the above modification trick. Therefore,
the study of uniform sampling automatically provides answers to the commensurate periodic
nonuniform sampling problem. In the subsequent sections, we present results for uniform MIMO
sampling only.

In practice, we would usually only attempt to reconstruct a version of the set of inputs

that is uniformly sampled at the corresponding Nyquist rate, and implement H (f) using FIR
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filters. The continuous-time version could then be reconstructed by a bank of conventional
digital-to-analog (D/A) converters on the reconstructed discrete-time signals. In particular, it
would be desirable to use a reconstruction filter matrix H(f), that is continuous in f. The
reason for this is roughly the following. Recall that a real function on a real compact set can
be approximated arbitrarily closely (in the L° sense) by polynomials if the given function is
continuous. Similarly, if H(f) is continuous in f, we can approximate the matrix function
H (f) arbitrarily closely in the H> sense by choosing sufficiently long FIR filters. Although
we shall not delve into implementation issues in this chapter, we do consider both cases (with
and without the continuity requirement imposed on H(f)) in the next section, when we derive
conditions for perfect reconstruction. This will be useful in Chapter 6, where we deal with FIR

filter design issues.

5.4 Perfect Reconstruction

We begin with some definitions. Define the following two spectral index sets at frequency
f€10,1/T):

l
Ki={(r) eRXZ:(f+=)€F},
i=1 ( T) }l (5.15)
ICf:{Rl—I—r:(r,l)ERxZand<f—|—f)6}}}.

Recall that the mapping of the pair (r,l) € R x Z to a single index Rl + r € Z, is invertible.
Hence, specifying any one of IC]"c and Ky uniquely determines the other. Also let K = Z\Ky

denote the complement of Kr. We now have the following proposition.

Proposition 5.1. Suppose that sets F,, v € R have multiband structure as defined in Eq. (5.3).
Then K¢ is piecewise constant on [0,1/T), i.e., there exists a collection of disjoint intervals L,

of the form [a, 3), and sets Kp,, m =1,..., M such that Ky = K,,, for f € Ip,, and

Uza=[o.d).

m=1

This result is easily demonstrated by using an argument very similar to the one in Chapter 2

for multicoset sampling. Hence, we can write

Im: [7m77m+1)7 m€M7

M<72 < <YM+,
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such that v; = 0 and ypr41 = 1/7T.

In this section, we derive the conditions on the channel and the spectral supports F,. of the
channel inputs for the existence of a reconstruction filter matrix H(f) that achieves perfect
reconstruction of the inputs. We consider both cases with and without the continuity require-
ment imposed on the channel and reconstruction filters. As we shall see later, the continuity
of H(f) may also require the continuity of the channel transfer function matrix G(f). Since
our analysis in the next section will rely on the modulated channel and reconstruction matrices

G(f) and H(f), the following proposition will turn out to be useful.

Proposition 5.2. If Ge . (f) is continuous on F, then Ger,,(f) is continuous on I, and the

following “boundary condition” holds:

1

Gox(F) = Gorarl0), KCL (5.16)

The quantity H(f) is continuous if and only if the entries of H(f) are continuous on [0,1/T]

and satisfies the boundary condition

1
Hice(7) = Hrera(0), KCZ. (5.17)

We do not care about Gy, (f) outside the closure of the set F, because X, (f) vanishes there.
This explains why the conditions for G(f) and H(f) are different in Proposition 5.2. We omit
its proof since it is quite straightforward, following directly from Egs. (5.13) and (5.14), and
the definition of K,,. The boundary conditions imply that the entries of the vector G x(0) is
a shifted version of those of G x(1/T).

In the next section, we use frame theory to derive necessary and sufficient conditions for
stable and perfect reconstruction of the channel inputs, but we first present a simple necessary
condition. From Eq. (5.15), it is clear that all the nonzero entries of X (f) are captured in the

subvector Xc,(f), and hence we can rewrite Egs. (5.9) and (5.10) as

Xic,(f) =Hi,o(f)Gasc, (/) Xk, (f), (5.18)
Xics (f) = Hics o (/)Go i, (/) Xk, (f). (5.19)

For perfect reconstruction, we require the existence of H(f) such that X(f) = X(f) a.e. It is
clear that this would happen if and only if

Hicpo(f)Gosx;(f) =TI, and Hieo(f)Gei,(f) =0 ae., (5.20)

95



which can be expressed more compactly as

H()Gex, () = Lajicy|- (5.21)

Since G xc,(f) € CPxIXsl we require that Gex,;(f) have full column rank a.e. This condi-
tion guarantees the uniqueness of the solution to Eq. (5.21) if a solution exists. In view of

Proposition 5.1, we now obtain the following necessary condition for perfect reconstruction:
rank (Ge k.. (f)) = |Kml|, ae. f €Ly, (5.22)

However, this condition does not address the issue of stability of reconstruction, and hence may

be insufficient.

5.4.1 Stable sampling

The MIMO channel can be viewed as a linear transformation from the class of input signals
to the space of its samples. The condition in Eq. (5.22) on the channel and the input signals
is necessary for stable perfect reconstruction. However, it does not suffice because it does not
answer the important question regarding stability of the reconstruction. In this section, we
shall use frame theory to study the stability issue of sampling problem. Recall the definition of

a frame:

Definition 5.1. Let H be a separable Hilbert space. A sequence {1, } C H is a frame if there
exist constants A, B > 0 such that

Allel® <Y [, 2)I* < Bllz|?,

for all x € H. If A = B, then the frame is a tight frame.

The frame operator S, defined as

Sz = (&, Yn)tn, VzEH,

n
is a bounded linear operator satisfying AI < S < BI, where [ is the identity operator. Define
Up = S~4,. Then {1, } is also a frame (the dual frame) for H with frame bounds B~' and

A~! and any = € H can be expressed as

T = Z(x,zﬁnﬁbn = Z(x,wnﬁﬁn (5.23)

n n

In the context of MIMO sampling, the relevant Hilbert space is the class of input signals:

H =B(F) x - x B(Fg).
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The inner product and norm on H are defined as
(x,w) = / wi (x(t)dt, x,weH,
R
]| = v/ (z, z).
We now present an important definition for the stability of MIMO sampling (see Chapter 4):

Definition 5.2. The MIMO sampling scheme is called stable if there exist constants A, B > 0
such that

Allz|* <) z[])* < Bz, (5.24)
nez
for all x(t) € H.

Equation (5.24) clearly allows stable reconstruction, and to see this we recast Eq. (5.24) in

a frame theoretic form. Define the diagonal matrix

J(f) = diag (x(f € F1),...,x(f € Fr)). (5.25)

Then we have
J(HX(f) = X(f) (5.26)

because X, (f) is supported on F,. In view of Eq. (5.26), we can rewrite z,[n] as
oln] = (D) = [ PTG (£)X ()i
R
= [ TG, (NIOX (N
- [ X (5:27)
where

TH () = S2TG, J(1)I(f) = on(t) = /R J()GH ()™ =D (5.8)

for (p,n) € P xZ. It is clear that 1,,, € H. Using Parseval’s theorem and Eq. (5.28) we coclude
that

<m,¢m>=/Rw52 )t = /\1: )df = zpln.

Thus zp[n] can be expressed as an inner product of « and 1,,, € H, and consequently, Eq. (5.24)
is equivalent to the condition that {1),,,} forms a frame for H. Suppose we denote its dual frame

by {djnp :n € Z, p € P}, then Eq. (5.23) produces with the following reconstruction formula:

T = Z Z I/an ’(pnp Z Z ZP 1/’np

neZ peP neZ peP
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As shown in Chapter 4, the implication of stability of reconstruction is that errors in the inputs
or the sampled outputs cannot produce arbitrarily large errors in the reconstructed outputs.
The ratio K = /B/A > 1 is called the condition number of the sampling scheme, and K2 is a

bound on the amplification of the normalized error energy due to the reconstruction filters.

5.4.2 Conditions for perfect reconstruction
Let essinf and ess sup denote the essential infimum and supremum, i.e.,
essinf g(t) = sup{vy: g(t) > v a.e.},
esssup g(t) = inf{y: g(t) < v a.e.}.

for any real function g. Our next result provides necessary and sufficient conditions on the

channel matrix for stable MIMO reconstruction.

Theorem 5.1. The frame bounds for the MIMO sampling problem are given by

_ : . H
A= Tfeés[g,lf/lch Awmin (G, (F)Goic; (f)): (5.29)
B =T esssup Amax(Galic, (f)Gex, (1)) (5.30)
Fel0,1/T]

In particular, A > 0 and B < oo are necessary and sufficient conditions for stable reconstruction

of the MIMO inputs.

Proof. We need to compute

_ 2 o 2
A= ;gg%\\z[n]ll and B = ;gg%\\z[n]ll : (5.31)

where B is the set of input signals of unit combined energy:
B:{meH: ]| :1}. (5.32)
First observe that
el = [ letolde = [ 1X(7)IPar
R R
(@)
S LT

1
0,7+

®)
SR (5.33)

T
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where the norms on the right-hand side of Eq. (5.33) are the Euclidean norms. The equality (a)
above follows from Eq. (5.11), and (b) follows because Xc,(f) captures all the nonzero entries
of X(f). Next

S J2fnlll? = / 2 [v|dv

ne’ ve(0,1]
Do [ Vit
0,%
b
9 [ G, (% (DI, (5.34)
T

where (a) is obtained by a change of variables, and (b) from Eq. (5.9) and the fact that X, (f)
captures all the nonzero entries of X (f). Therefore, Egs. (5.31), (5.32), (5.33), and (5.34) yield

A=infT /w IS, (DX, (PP st [ 12k, (DI =1,

T
B = supT/
[0

Now the claimed results in Egs. (5.29) and (5.30) follow immediately. O

s
T

NG (DX (P st [ 1% (P =1

)

Note that a simple necessary condition for perfect reconstruction is that P > |/C,,| for each
m € M. Clearly, multiple solutions H(f) exist to Eq. (5.21) if P > |K,,| for some m. The
average sampling density for this sampling scheme is P/T. Now, Eq. (5.15) implies that

Kl =YD x(f+1/T € F).
reR €7

Hence,

R R
’C d - r) = ) .
a4 =32 200 €70 =3 050 5

where pu(-) denotes the Lebesgue measure. Suppose that P = |K,,| for all m, then Eq. (5.35)

reduces to
P R
T = ZN(}—T)-
r=1

This value for the total sampling density coincides with the minimum density required for stable
MIMO sampling (see Theorem 4.2) using any sampling scheme for the channel outputs, whether

uniform or not. Also note that we have uniqueness of the reconstruction filters when P = |IC,,|.

Corollary 5.1. Suppose that G(f) is such that Gy (f) is continuous for f € F,, and Ge ., (f)
has full column rank for allm € M, f € Ty, = [Ym, Ym+1]. Then the MIMO sampling scheme

is stable, i.e., {1,,} forms a frame.
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Proof. By Proposition 5.2, we have continuity of G ,,(f) on the compact set Z,,,. Therefore,
both the smallest and the largest eigenvalues of g{{,cm( f)Gex.,(f) are continuous functions on
Z,n. Since the smallest eigenvalue is strictly positive for all f € [0,1/T] by hypothesis, it follows
that the infimum in Eq. (5.29) is attained, implying that A > 0. Similarly, B < co because the
supremum in Eq. (5.30) is attained. O

We illustrate the MIMO sampling result of Theorem 5.1 for a simple MIMO channel.

Example 5.2. Consider a MIMO channel with R = 2 inputs and P = 4 outputs having the

following transfer function matrix:

1 1
1 1+4e72nf
eI f 0.25 + e~747f
1+ 0.5e7927f 1 4 e=347f

G(f) =

Let the input spectra X;(f) and Xo(f) have supports as illustrated in Figure 5.2, i.e.,
Fi =[0,0.4) U[0.75,0.9) and F» = [0.25,0.5).

Each output is a multiband signals supported on F = F; U F, = [0,0.5) U [0.75,0.9). Hence,
the Nyquist rate for sampling each output is u(F) = 0.65. However, we demonstrate in this
example that we do not need to sample each output at the Nyquist rate to achieve perfect

reconstruction. Let the sampling period be T' = 4. For this choice, it is easy to verify that
7: =[0,0.15) and I, = [0.15,0.25).
Furthermore, Eq. (5.15) and Proposition 5.1 imply that
2 {(0,0),(0,1),(0,3), (1, 1)}, if f € Iy,

{(0,0), (1, 1)}, if e Io.
Therefore, K1 = {0,2,6,3} and Ko = {0,3}. A simple calculation shows that

1 1 1 1
1 1 1 1 1 4 e—a2n(f+1/4)
Gor(f) = 7 o—i2mf o—i2n(f+1/4) e—I2m(f+3/4) (.95 4 e—dn(f+1/a) |
14 0.5e7727 14 0.5e7727U+1/4) 1 4 0.5e 727 (F+3/4) 1 4 g=an(f+1/4)
1 1
Gures(f) = l 1 1+ e—j27'f(f+1/4)
’ 4 e—J2nf 0.25 + e—J4m(f+1/4)

14 0.5e7927F 1 4 e 74n(f+1/4)
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It can be verified numerically that

rank (G i, (f))
rank (g.,lcz (f))

4, VfeT,
2, VfeD.

Since G(f) is continuous, we conclude using Corollary 5.1, that stable perfect reconstruction of
the inputs is possible from the channel output samples. However, as we shall see in Example 5.4,
the reconstruction filter matrix H (f) would necessarily have to be discontinuous. Finally, note
that the total sampling density of the outputs is P/T = 1, while the minimum density, as
dictated by Theorem 4.2 is u(Fy) + p(Fa) = 0.8.

In Example 5.2, we showed that the combined sampling density of 1 is achievable, but the
lower bound on this density is 0.8. Therefore, we could potentially find a nonuniform MIMO
sampling scheme that closes the gap. In fact, this is precisely what we are going to show in the

following example.

Example 5.3. Let the inputs signal characteristics and the channel transfer function matrix
be the same as in Example 5.2. We show that, using a proper nonuniform sampling strategy at
the outputs, we can achieve the minimum combined sampling rate for all the output channels as
stipulated by Theorem 4.2. Let the channel outputs be sampled on the sets A, = {20n + Ay, :
k=0,...,K,— 1}, where (K, K2, K3, K4) = (0,3,5,8) and

0 if p=0,

(1,8,14} ifp=1,
D k=0, K, — 1} =

(2,5,8,13,18) if p=2,

(0,2,4,5,7,8,14,17} if p = 3.

Evidently, these are all periodic nonuniform sampling sets having a common period of T" = 20,
and consisting of 16 cosets in all. Hence, the modified MIMO channel has a transfer function
matrix G(f) of size 16 x 2, and its rows can be worked out as in Example 5.1. Since the band

edges of F; and F; are all multiples of 0.05, we trivially obtain M =1, Z; = [0,0.05), and
K1 =1{0,2,4,6,8,10,12,14,30,32,34} U {11,13,15,17,19}.

Now, g".,,cl(f) is a continuous 16 x 16 matrix, whose rank is verifiable to be 16 for all f.
By Corollary 5.1, we conclude that stable and perfect reconstruction of the channel inputs

is possible from these periodic nonuniform MIMO samples. In fact, the stability bounds are
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A =8.0724x10"% and B = 3.6833, implying that the condition number K = \/B/A = 67.5487.
The sampling densities of A, is d, = K,,/T’, so that

(d1,ds,ds,ds) = (0,0.15,0.25,0.5)

in an achievable point in density region for stable sampling. Obviously, they must meet all the
necessary conditions for stable sampling derived in Chapter 4. In particular, the total combined
sampling rate of all the outputs is 16/7 = 0.8, which is precisely equal to the minimum joint
sampling density required by Theorem 4.2, namely pu(Fi) + pu(Fz). We learn from this example
that we need not sample the different outputs at the same rate. In fact, one of the channels is
not sampled at all, unlike in Example 5.2, where, due to uniform sampling, we required samples

from all channel outputs.

5.4.3 Existence of continuous solutions

Theorem 5.1 does not guarantee the existence of a continuous filter matrix H (f) which, as
we have seen earlier, may be desirable from an implementation point of view. The following
theorem shows that, under a stronger set of conditions, we can guarantee the existence of a

continuous filter matrix H(f). We begin with a lemma.

Lemma 5.1. Let C(f) € CP*? (with p > q) and D(f) € C"™*? be continuous functions of

[ € [a, B] such that rank C(f) = q for all f, and let E,, Eg € C"™*P be matrices satisfying
E,C(a) =D(o) and EgC(5) = D(5).

Then there exists a continuous E(f) € C™*P such that E(f)C(f) = D(f) for all f € [a, ],

and that E(o) = Eo and E(8) = Eg are satisfied.

The proof of Lemma 5.1 can be found in Appendix A. We can now derive the conditions

for the existence of continuous reconstruction filters that achieve perfect reconstruction.

Theorem 5.2. Suppose that the MIMO transfer function matriz G(f) is such that Gp.(f) is
continuous for f € F.. Then there exists a reconstruction filter matriz H(f) continuous in f,

that achieves stable and perfect reconstruction of the MIMO channel inputs if and only if

rank (Gexc,,(f)) = K|, Vf €intZy = (Ym, Yms1), (5.36)
rank (Ge,7,,(Vm)) = |Tm|, m € M. (5.37)

where
jm:ICmUICm—la m:27"'7M7
J=KiuU (/CM GBR).
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Proof. First note that the hypotheses in this theorem are stronger than those of Corollary 5.1.
Thus, stable reconstruction is guaranteed. We shall first prove the necessity of Egs. (5.36) and
(5.37). The first condition in Eq. (5.20) states that

Hic,o(£)Gosc,(f) = I, ae. (5.39)

So suppose that H(f) is a continuous solution, then Proposition 5.2 implies that Hy,, «(f)

my

and G, ., (f) are continuous functions in the interior of Z,,, and, in fact, Eq. (5.39) must hold
for all f € intZ,,, not just a.e., because both sides of Eq. (5.39) are continuous functions. Now
Eq. (5.36) follows immediately. Letting f | 73 = 0 in Eq. (5.20) and using the continuity of
H(f) gives us

HKl,'(O)g'JCl (O) = Ilh? HK%,'(O)g'JCl (O) =0, (540)
while letting f T yar41 = 1/7 instead, and using Egs. (5.16) and (5.17), we obtain

Hiyore(0)Gexyar(0) = Ig,, HK?'\{GBR,O(O)Q'JCM@R(O) =0. (5.41)

Combining Egs. (5.40) and (5.41), we obtain the following set of necessary conditions:
H7,6(0)Ge7,(0) =1 7,, Hire(0)Ge 7 (0)=0. (5.42)

where J; = K1 U (Ky @ R). Using a similar continuity argument in the vicinity of ~,,, for
m=2,...,M yields:

Hjm7.(’}/m)g.7jm(’}/m) = I‘\ym|7 Hjﬁ“'(fym)gﬂjm (’Ym) =0. (543)

where J,,, = K, U Kyp—1. Hence, Eq. (5.37) is necessary to meet conditions in Egs. (5.42) and
(5.43). To prove sufficiency of Egs. (5.36) and (5.37), we construct an appropriate reconstruction
matrix H(f) that is continuous in f and satisfies the boundary condition in Eq. (5.17). We
first define the function H(f) on the following finite set of frequencies {v,, : m € M}:

Hapo(im) =Gl 7 (9m), Hg.e(ym) = 0. (5.44)

Then in view of Eq. (5.17), we need to define

HJI\/I+17' (%) = Hﬁ,’(o) =Ge7 (0),

1
Hjﬁwl" <T> =0,

where

Tt Z e R=(KieR) UK.
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Therefore, using Eq. (5.16), we now have

1 ’ 1 1
HjMH"(f) - g'JM+1 (f)’ Hjﬁfﬂv'(f) =0. (5.45)
To complete the proof, it suffices to construct a continuous extension H(f) on [0,1/T] that

satisfies Eqgs. (5.44) and (5.45). With the intention of applying Lemma 5.1, define the following

quantities:
HICm,'(a)
a4 = Ym, E, = ) C(f) = g',/Cm(f)v
H(JmUJm+1)\’CM7'(a)
HICm,'(ﬁ) I m
b= Ym+1, Eg = , D(f) = [ "1l
H(JmUJm+1)\’Cm,.(ﬁ) 0

Observe that C(f) = Gex,,(f) has full column rank for f € [y, Ym+1]. Moreover, using
K € Im, and Kyy € Tint1, it follows from Eq. (5.44) that

I I
Knl) = D) wd B0 = |

E.C(0) = = D(B).

Thus, we have verified all the technical conditions required in Lemma 5.1, and we are guaranteed

a continuous solution
Hic,,o(f)

E(f) =
H (7 0Tms ) \Cmso ()

that meets the desired boundary conditions and satisfies
Hic,o([)Goin(f) =Tk, and  H(7,07,.1)\Km.o([)Gek,.(f) =0 (5.46)
for f € [V, Ym+1]- We also define

H(JmUJm+1)C,0(f) =0, f € ['7ma'7m+1]- (5.47)

Therefore, Egs. (5.46) and (5.47) provide us with a continuous extension for H(f) on [y, Yim+1]
for each m € M, and hence for the entire interval [0,1/T]. O

Remarks. Observe the following:

1. A simple necessary condition for perfect reconstruction using continuous reconstruction

filters is that P > max,, | Jm|-

2. Note that although the continuity of the entries of G(f) was essential in the above proof, it
is not strictly necessary as it is possible to carefully construct examples where a continuous

H (f) exists even though G(f) may be discontinuous.
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The following example illustrates Theorem 5.2

Example 5.4. Assume that R = 2, T' = 4, and that the input spectra have the same form as
in Example 5.2. Then K; = {0,2,6,3} and Ky = {0,3}. In addition the index sets defined in
Eq. (5.38) are

J1=K1U (IC2 @ 2) = {07276737 5}7
Jo =Ko UKy = {0,2,3,6}.
Hence, P > max,, |Jm| = 5 is necessary for the existence of a continuous H (f), and clearly,

the transfer function matrix G(f) of Example 5.2 does not suffice. So let us append a new row

beneath the last row of G(f), thereby making the the MIMO channel a two-input five-output

channel:
1 1
1 1+ e 927f
G(f)= eIt 0.25 + e J47f

1+ 0.5e727f 1+ e J4nf
0.25 4 =747/ e—i2nf

The rank condition in Eq. (5.36) holds because the matrix Ge x,,(f) of Example 5.2 has full
column rank, and adding an extra row to G(f) (and hence to G(f) also) does not lower the

column rank of G, k.. (f). Figure 5.4 depicts the smallest and largest eigenvalues of the matrix

S(f) = G, (£)Gex, (f)

as a function of frequency. Note that the discontinuities in these plots are expected because
KCs(f) is piecewise constant with discontinuities at the cell boundaries, i.e., at f =+, = 0.15 in
this case. A numerical calculation yields the following frame bounds for the MIMO sampling
scheme.
A = essinf A\pin(T'S(f)) = 0.1251,
fel0, 7]
B = ess sup Apax (T'S(f)) = 1.1105.
fel0,4]
Hence, the condition number is /B/A = 2.9790. The other rank condition in Eq. (5.37) which
needs to be verified at cell boundaries, also holds. Now, Theorem 5.2 guarantees the existence
of a continuous filter matrix H (f) that achieves perfect reconstruction of the MIMO channel
inputs. In principle, one can construct a continuous H (f) by following the steps of the proof

of Theorem 5.2.
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Figure 5.4 Smallest and largest eigenvalues of S(f).

5.5 Summary

In this chapter, we studied the uniform MIMO sampling problem. This scheme encompasses
multicoset sampling, Papoulis’s generalized sampling, and vector sampling schemes as a special
cases. The MIMO problem is motivated from the problem of channel equalization from ithe
sampled channel outputs. We presented necessary and sufficient conditions for perfect recon-
struction of the signals, or equivalently, perfect inversion of the channel when the input signals
lie in the space of multiband signals with different band structures. We also presented the
appropriate conditions for the existence of reconstruction filters continuous in f. The latter
result is important from the viewpoint of implementation of the reconstruction system using
FIR filters. We address the problem of reconstruction filter design using FIR filters in the next
chapter.
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CHAPTER 6

FILTER DESIGN FOR MIMO SAMPLING AND
RECONSTRUCTION

6.1 Introduction

In this chapter, we address another aspect of MIMO sampling, namely the problem of recon-
struction filter design for uniform MIMO sampling. In Chapter 5, we presented necessary and
sufficient conditions for perfect reconstruction of the channel inputs. In practice, the channel
inputs are continuous-time signals. However, the processing is done digitally, requiring that
the channel inputs and outputs be representable as discrete-time sequences. Fortunately, the
continuous-time model can be converted to an equivalent discrete-time model, and the discrete-
time sequences represent the samples of the continuous-time counterparts at the Nyquist rate
or higher.

This is shown rigorously in Appendix B, where we arrive at the following models for the
MIMO channel and the reconstruction system. Figure 6.1 depicts the block diagram of the
discrete-time MIMO channel with R inputs and P outputs. The inputs to the channel are the
sequences z,[k], 7 = 1,..., R, and the outputs are yp[k], p = 1,..., P. The channel outputs
are then uniformly subsampled by an integer factor L > 0 to produce sequences z,[n]. The
reconstruction block, depicted in Figure 6.2, produces estimates Z,[k] of the input signals from
the quantities z,[n]. We shall consider only uniform subsampling of the channel outputs. This
scheme is sufficiently general and it subsumes periodic nonuniform subsampling of the MIMO
outputs as a special case of uniform subsampling applied to a hypothetical channel with more
rows, as discussed in Chapter 5.

The continuous-time outputs can finally be recovered from the discrete-time sequences . [k]
using a bank of conventional D/A converters. Thus, the reconstruction filter design problem is

one of FIR design.
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Figure 6.2 Discrete-time model for MIMO reconstruction.

Several sampling schemes can be viewed as special cases of MIMO sampling. For example,
in Papoulis’s generalized sampling [12], a single lowpass input signal is passed through a bank of
M filters, and the outputs are sampled at 1/Mth the Nyquist rate. This fits in our framework
as a SIMO sampling problem, i.e., R = 1. Additionally, if the channel filters are pure delays, we
obtain multicoset or periodic nonuniform sampling of the input signal which has been widely
studied [14-24], as it allows us to approach the Landau minimum sampling for multiband signals
[6]. Seidner and Feder [13] provide a natural generalization of Papoulis’s sampling expansions
for a vector input with its components bandlimited to [—B, B]. Their sampling scheme is
clearly a special case of MIMO sampling. We studied the continuous-time MIMO sampling
problem and presented necessary and sufficient conditions for stable sampling in Chapter 5.
The purpose of this chapter is to examine the related problem of FIR filter design for MIMO
reconstruction filters. We formulate the design problem as a semi-infinite linear program. Semi-
infinite formulations have been successfully applied to other multirate filter design problems
[54, 55] and solved using standard techniques [34]. Our FIR filter design formulation is fairly
general and can be used to design the interpolation filters for those generalized sampling schemes
discussed above.

This chapter is organized as follows. Section 6.2, contains some basic notation and defini-
tions. In Section 6.3 we present discrete-time models for the channel and reconstruction block.
The channel inputs are modeled as multiband signals. In Section 6.4, we present discrete-time

versions of the results derived in Chapter 5. In particular, we specify necessary and sufficient
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conditions for the existence of reconstruction filters that are continuous in the frequency do-
main. This property is important in the context of FIR filter design, as we elaborate on later.
Finally, in Section 6.5 we discuss the problem of FIR reconstruction filter design for the MIMO
sampling problem. We formulate a cost function in terms of the filter coefficients. Minimizing
the cost produces the optimal filter coefficients. The problem may be recast as a semi-infinite
linear program. We present two design examples: one for multicoset sampling and another for

MIMO sampling with two inputs.

6.2 Preliminaries

We begin with a some basic definitions and notation. Denote the discrete-time Fourier
transform of a z[n] € I? by the periodic function:
X[v] =) alkle 7™,
keZ
In general, we denote time signals (either scalar-valued or vector-valued) using lowercase letters,
and their Fourier transforms by the corresponding uppercase letters. Let the class complex-

valued, finite-energy discrete-time signals bandlimited to the set of frequencies F C [0, 1) by
By(F) ={z[k] € *: X[v] =0, Vv € [0,1) N F°}. (6.1)

We denote the class of complex-valued matrices of size M x N by CM*N  the conjugate-
transpose of A by A its pseudo inverse by AT, and its range space by R(A). For a given
matrix A, let Ar ¢ denote the submatrix of A corresponding to rows indexed by the set R
and columns by the set C. The quantity A, ¢ denotes a submatrix formed by keeping all rows
of A, but only columns indexed by C, while Az o denotes the submatrix formed by retaining
rows indexed by R and all columns. We use a similar notation for vectors. Hence, X5 is
the subvector of X corresponding to rows indexed by R. We always apply the subscripts of a
matrix before the superscript. So A%C is the conjugate-transpose of A ¢. When dealing with
singleton index sets: R = {r} or C = {c}, we omit the curly braces for readability. Therefore,
A,o and A, . are the rth row and the cth column of A, respectively. For convenience, we
always number the rows and columns of a finite-size matrix starting from 0. For infinite-size
matrices, the row and column indices range over Z. As a result of the above notation, we have

the following straightforward proposition that is used later.

Proposition 6.1. Suppose that X € C and I is the L x L identity matriz. Then

Xi=Ic.X (6.2)
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for all K C{0,...,L—1}. Additionally, if X e = 0, where K¢ is the complement of K, then
X =T, Xk (6.3)

The identity matrix of size N x N is denoted by Iy, and the zero matrix by 0. Finally

suppose that S is a subset of R or Z, and a is an element of R or Z, then

S@a={s+a:s¢eS},
Sca={s—a:s5¢€S},
aS ={as:s e S},
Smoda = {smoda: s € S},

denote the positive and negative translations, scaling, and the modulus of S by a, respectively.

6.3 Sampling and Reconstruction Models

Figure 6.1 depicts a MIMO channel whose inputs and outputs are discrete-time sequences
{z1[k], ..., zr[k]} and {y1[k], ..., yp[k]}, respectively. For convenience, let R = {0,1,..., R—1}
and P = {0,1,..., P — 1} denote index sets for the channel inputs and outputs. We model
z,[k], 7 € R as multiband signals: z,(t) € By(F,), where the spectral support F, C [0,1) is a

finite union of disjoint intervals:

Ny
f?“ = U [arrwbrn)a arp < brl <l < -0 < Ay N, < brNT. (64)

n=1

Let the channel inputs and outputs be expressed in vector form as

wlk] = (zolk] a1[k] - zp_1[K])",
ylk] = (wolk] k] -~ yp_1lk)".

The MIMO channel is modeled as a linear shift-invariant system, thus enabling us to write
ylkl = g« x[k] = glk — K[k,
nez

where * denotes convolution, and g[k] € C”*# is the MIMO channel impulse response. Hence,

we have

Y[v] = Gv| X ], (6.5)

where X [v], Y[v], and G[v| are the Fourier transforms of x[k], y[k], and g[k], respectively. We

call G[v] the channel transfer function matriz. The channel outputs are uniformly subsampled
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by a factor of L, and the resulting sequences are denoted by z[n] = y[nL]|, n € Z. Using
Eq. (6.5), we now have

Z@]:%%Y{”zl}:%%G[VZZ}X[VZZ], velo1). (6.6)

‘We model the reconstruction block as follows:

Z[k] = hlk —nL]zn], (6.7)

ne”L

where h[k] € C**P is the impulse response of the reconstruction filter. From Eq. (6.7), it is ob-
vious that the entire system consisting of the channel, the subsampling, and the reconstruction

is invariant to time-shifts of any multiple of L, i.e.,
r— & = z[ —nlL]— & —nL|, VYneclZ

Conversely, Eq. (6.7) describes the most general linear transformation that allows this invari-

ance. Taking the Fourier transform of Eq. (6.7), we obtain
X[v] = H[|Z[Lv], ve]0,1), (6.8)

where H[v], the Fourier transform of h[n], is called the reconstruction filter matriz. Since Z|v]
is a periodic function, we can rewrite Eq. (6.8) as

/ /

X[wrlz] :H[l/—l—lz]Z[Lz/], e, velo1/L). (6.9)

We can now write Egs. (6.6) and (6.9) compactly as

for v € [0,1/L), where X[v] and X[v] are defined as

Xrrlv] = X, [u + %] (r1) € R x L, (6.12)
X rrlv] = X, [u v %] (r) € R x L, (6.13)

while G[v] and H[v] are the modulated channel and reconstruction matrices defined as

1 l

Gy lV] = 7 G [1/ + ﬂ, (p,r,1) €P xR x L, (6.14)
l

Hprsrplv] = Hyyp [V + E]’ (p,r1) €P x R x L. (6.15)
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In the next section, we provide precise conditions for stable reconstruction of the channel
inputs from the subsampled output sequences. In particular, for FIR implementation reasons,
we are interested in a reconstruction filter matrix H[v] whose entries are continuous in v.
Specifically, the continuity guarantees that the approximation error resulting from the FIR
implementation can be made arbitrarily small by choosing sufficiently long FIR filters. This

point will be elaborated later.

6.4 Conditions for Perfect Reconstruction

In this section, we present the condition for perfect reconstruction from the MIMO channel
outputs in the discrete-time setting. More specifically, we provide conditions on the channel
transfer function matrix G[v| that guarantee stable reconstruction of the inputs with/without
the continuity requirement on the reconstruction filter matrix H[v]. These results are discrete-
time versions of their continuous-time ones presented in Chapter 5.

Let H = Ba(F1) x --- x Bg(Fr) denote the class of inputs to the MIMO channel. Then H

is a Hilbert space equipped with the following inner product:

(x,w) = ZwH[n]w[n], z,weH.
nez
Naturally, the norm on H is defined as ||| = /(x,x). We now review an important notion
called stability of MIMO sampling (see Chapters 4 and 5).

Definition 6.1. The MIMO sampling scheme is called stable if there exist constants A, B > 0
such that

All|®> <> |lz[n])* < Bllz|?, (6.16)
nez
for all z € H.

The implication of Eq. (6.16) is that we can reconstruct the inputs from the outputs samples
z[n] in a stable manner, in the sense that small perturbations in the inputs or the channel output
samples, cannot cause large errors in the reconstructed outputs. The quantity K = \/B—/A >1
is called the condition number of the sampling scheme, and it is a bound on the amplification
of the normalized error energy due to the reconstruction filters. In particular, the notion of
stable sampling may be expressed as a frame-theoretic condition. We refer the reader to [2, 46]

for more about frames. The theory of frames provides a convenient tool to study sampling [47].
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Now, define the following index sets

K,={Rl+r:(rl)eRxLandv+1/T € F.}, (6.17)
Ky = Z2\K,

for v € [0,1/L], where Z = {0,...,RL — 1}. Just as in the continuous-time case in Chapter 5,

we can decompose the interval [0, 1/L] into a union of intervals, where K, is piecewise constant.

Proposition 6.2. Suppose that sets F,, r € R have multiband structure as defined in Eq. (6.4).

Then there exists a collection of disjoint intervals I, and sets IC,,, m = 1,..., M such that
M 1
U Zn = [0, f) and Ky =K, VeI
m=1

This result is easily demonstrated by using an argument very similar to the one in Chapter 2.

We write Z,,, as

Im = [7m77m+1), me M7

71 <72 < <VYM+1,

such that v; = 0 and yp41 = 1/L. For convenience we also define

def
dm = |’Cm|

Equation (6.17) implies that all nonzero entries of X[v] are captured in X, [v]. Hence, from
Egs. (6.10) and (6.11) we conclude that Hic, ¢[V|Ge k., [V] = I|c,| and Hig o[V]Ge i, [v] = 0 hold

a.e. This can be written compactly as
HVGex, V] = Tex,, (6.18)

where I is the RL x RL identity matrix. Since Go i, [V] € CP*/®v| we require that Gk, (1)
have full column rank a.e.
As in Proposition 5.2, it can be easily verified that H[v] is continuous if and only if H[v] is

continuous on [0,1/L], and the following “boundary conditions” hold:

Hic,e [%] = My o[0] (6.19)

for all K C Z, where K’ = (K® R) mod RL. As we shall see later, in order to achieve continuity

of H[v], it is convenient to impose continuity on G[v], and this produces a similar condition on
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G[v]. Specifically, if Gp,[] is continuous on F, (the closure of F,.), then G, ,, [] is continuous
on Z,,, and

1

Goxc| 7| = Guorol0] (6.20)

for all K C Z.

The following theorems, which are discrete-time versions of similar results presented in
Chapter 5, provide precise conditions for stable and perfect reconstruction of the channel inputs.
We do not prove them as they can be deduced in a manner very similar to their continuous-
time counterparts. Before stating the results, we point out that essinf and ess sup denote the

essential infimum and supremum, respectively, i.e.,
esstinfg(t) =sup{vy: g(t) > v a.e.},
esstsupg(t) =inf{y: g(t) < va.e.}.
for any real function g.

Theorem 6.1. Suppose that G[V] is such that Gy [v] is continuous for v € F,, and Gex,,[V]
has full column rank for allm € M, v € T, = [Ym, Ym+1], then the MIMO sampling scheme is

stable, and the stability bounds are given by

A =1L essinf \pin(GH . , 6.21
10l Anin (G, V]G e, V) (6.21)

B = L esssup Amax(g?’,cy VGe k., [V]). (6.22)
vef0,1/L) ’

Theorem 6.2. Suppose that channel transfer function matriz G[v] is such that Gp,[V] is con-
tinuous for v € F,, then there exists a reconstruction filter matriz H[v] continuous in v that

achieves stable and perfect reconstruction of the MIMO channel inputs if and only if

rank (Ge .k, [V]) = [Kinl, Vv €int Ly = (Vim, Ym+1), (6.23)
rank (Ge 7, (Ym)) = [Tm|, m € M. (6.24)

where

jm:ICmUICm_l, m:2,...7M,
J1 =K1 U ((Ky @ R)mod RL).

(6.25)

114



Theorem 6.1 guarantees stability of reconstruction, but not continuity of H[v], while The-
orem 6.2 guarantees both stability and continuity of at least one solution H[v]|. The continuity
requirement is desirable from the viewpoint of implementation, as we see in Section 6.5. A
simple necessary condition for perfect reconstruction using continuous reconstruction filters is
that P > max,, |7mn|. In Theorem 6.2, the assumption that G[v] is continuous in v is made
for convenience; it is possible for continuous perfect reconstruction filter matrix H[v] to exist,
despite the lack of continuity of G[v]. However, this is rare, and the conditions in the general
case are cumbersome.

Finally, under certain conditions, perfect reconstruction is realizable using FIR filters. We
say that a filter if FIR if its impulse response has a finite number of nonzero terms. An FIR

filter need not be causal, but can be made causal by adding a finite delay. Let

G'lel = Y gl

keZ

denote the Z-transform of g[k]. We use the superscript “x” here to distinguish between the

Z-transform and the discrete-time Fourier transform G[v]. Then clearly
Glv] = G*lexp(j2nv)], v eER.

Let H*[z] denote the Z-transform of h[k]. Finally, let G*[z] and H*[z] be the Z-domain

analogues of the modulated matrices G[v] and H[v].

Theorem 6.3. Suppose that channel impulse response glk] is a finite sequence, and let

M
K=JKn Q=IKl
m=1

Then perfect reconstruction using an FIR reconstruction filter matriz H*[z] is possible if and
only if P > Q, and all the Q x Q minors of Q:,C[z] have no common zeros except z = 0 or

Z = OQ.

Proof. Suppose that P > () and the minors share no zeros except z = 0 or z = oo. For every
J C P such that | J| = Q, let
Dylz] = det(G% xc[z])-

Then, by Bezout’s identity, there exist polynomials A 7[z] such that

> AglaDgle] = 21 (6.26)
JCP:|T|=Q
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for some d € Z. Let H 7[z] denote the adjoint of G’ xlz] so that
Hy[:195 xl2] = Do, (6.27)
where I is the Q) x @ identity matrix. Define
Hicol2] = zd Z Az[Z/H 72|l 76 and H col2] = 0.
JCP:|T|=Q

where K = {J,, . Then H*[z] clearly corresponds to an FIR reconstruction filter matrix

H*[z]. Therefore,

Hia[21Gkle] = 270 AglZ g1 7,460k I2]
7

= 1Y Ag ARGy ol = T
J

where the last step follows from Egs. (6.26) and (6.27). We also obviously have
Hieo[21G0 k(2] = 0.
Combining the last two results, we obtain H*[z]G} x[2] = L k. From this it follows that
HV|Ge sk, [V = Tox,,, YV EILpy. (6.28)

which is essentially equivalent to Eq. (6.18). Thus, we have found an FIR realization of perfect
reconstruction filters.

Conversely, suppose that h[k] is an FIR filter achieving pefect reconstruction. Then G[v]
and H[v] are entire functions since both g[k] and h[k] are finite sequences. Hence, Eq. (6.28)
implies that

HVGe k. V] = Tak.,

holds for all v € R, rather than just v € Z,,. Therefore, we obtain H[v]Ge x[v] = I, x for all
v € R, where K = J,,, KCsr,. Equivalently, we have

H[2]G% k[2] = Lo (6.29)

in the Z-domain. If P < @ then rank(Gy x[2]) < @ — 1, implying that Eq. (6.29) fails to hold.
Similarly, if all the minors of G (2] share a common factor of the form (z — z9) where 2y # 0,
then G§ x[2] loses rank at 2 = z, and this contradicts Eq. (6.29) because H*[2] is FIR. This

proves the converse statement. ]
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The proof of Theorem 6.3 is partly based on similar results in [56,57]. The import of this
result is that perfect reconstruction is possible using FIR filters provided the channel impulse
response is FIR, and that the modulated channel matrix in the Z-domain G*[z] is sufficiently
“diverse” in the sense its null space is empty for all z ¢ {0,00}. Of course, we do not care
about the cases z = 0 or z = oo because no causality requirement is imposed on FIR filters.
Suppose that P = @, then g:,c[z] is a @ x @ matrix and the necessary and sufficient condition

for perfect reconstruction using FIR filters reduces to
det Gy x[z] = K279, K #0, d€Z.

This condition is similar to the perfect reconstruction condition for filter banks.

The problem in [57] deals with existence of FIR equalizer filters in the absence of decimation
of channel outputs, while in classical filter bank problem deals with a single-input multiple-
output channel whose outputs are decimated. In the present problem the existence of an FIR
reconstruction filter matrix depends not only on the channel transfer function matrix G[v] (as
in the work in [57]), but also on the decimation factor L (as in the filter bank problem), and
band-structure of the inputs through . Thus, Theorem 6.3 generalized all these problems

simultaneously.

6.5 Reconstruction Filter Design

In this section, we study the problem of reconstruction filter design for a given MIMO
sampling scheme. We have seen in Section 6.4 that under certain conditions on the channel
and the class of input signals, perfect reconstruction is possible. Unfortunately these ideal
filters are not necessarily FIR filters. Conversely FIR filters do not generally guarantee perfect
reconstruction of the channel inputs. Nevertheless, we can approximate the ideal reconstruction
filters using FIR filters chosen judiciously so that an appropriate cost function, such as the end-
to-end distortion, is minimized.

We model the input signals as discrete-time multiband functions X, [v] = 0, v ¢ F, with

x € C, where C is the constraint set for the channel inputs:
vel=A{z: |z <}

i.e., the input signal energies are upper bounded. The reconstruction filters are approximated

by FIR filters, i.e., we enforce the following parameterization on H [v]:

H,plv] = Z arpke_jzm’k, reR, peP, (6.30)
kJEQrp
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where Q,, is a finite set representing the locations of the nonzero filter coefficients of H,,[v].

We choose
Qrp: {k3/€rp§k§lrp+/1rp_1}a

where [, is the length of the FIR reconstruction filter H,,[v] and &, is the position of the first
filter coefficient. This FIR parameterization no longer guarantees perfect reconstruction, and
the objective is to minimize the norm of the resulting reconstruction error e[k] = &[k] — x[k].
Define

£ = R - X, veo %] (6.31)

We shall now derive an expression for £[v] as a function of the input signals, the channel and

reconstruction filters alone. Define index sets

I, = (RL)®r={Rl+r:l e L}, (6.32)
Kpy =K, NI, ={Rl+7r:1€Land (H%) € T} (6.33)
for each r € R. It is clear from Egs. (6.12), (6.13), and (6.32) that
2= (X0 Xb+d] o X+ i)
Zrl = (%] Klrd] o Klve i)

for each r € R; i.e., these quantities are the length-L vectorized representations of X,[v] and
X,[v], respectively. Hence, the energy of e, can be expressed as a function of E[v] using
Parseval’s theorem:

w%:/ WWWW=/ |, ). (6.34)

0,1] 0,1

Similar relations hold for z, and other signals in terms of the vectorized version of their Fourier

transforms. Now for each » € R and v € [0,1/L], Egs. (6.10) and (6.11) yield
X1,[v] = Hz, J[VIGIV]X V]
=Y Mz [VIGer. XLV, (6.35)

SER
where the second step holds because the sets {Z,.} partition {0,1,..., RL — 1}. Therefore,

Egs. (6.31) and (6.35) give us
Ez,[v] = Xz, [v] - X[V]

= Z’HL, v|Ge 1. V| X1, [V] — X[V]
SER

=2 <HL, VIGez,[V] - 5rsIL)XIS ], (6.36)

SER
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where 0, is the Kronecker delta function and Iy, is the identity matrix of size L x L. We know
from Eq. (6.2) that
X’Cs,u [V] = IICS,V,-TS XIS [V]7 (637)

where I is the identity matrix of size LR x RL. Since X, ,[v] captures all the nonzero

components of X7, [v], we can invoke Eq. (6.3) to write
X1 [v] = I k,, XK, [V]- (6.38)
Combining Egs. (6.37) and (6.38) we obtain
Xz, [v] = Es X7, [V, (6.39)

where

def
Es,u = IIS,ICS,VI/CS,V,IS (640)

is a diagonal matrix with zeros or ones on the diagonal. Hence, Egs. (6.36) and (6.39) yield

Er[v] =) TrXg[V), (6.41)
SER
W] = (HL,-[V]Q.,IS V] = drsI L> E,,. (6.42)

We point out that if H[v] is a perfect reconstruction filter matrix, then using Eq. (6.18), it is
easily shown that

T[] = (M1, o1Gu V] — 6,,11) =O. (6.43)
For simplicity we rewrite Eq. (6.41) as
er = Tz, (6.44)
sER

where T7° is the linear operator equivalent of T"°[v] acting on z5. Then,

177 = max [|T"*x]”
EAES!

:max/ ) (T[] X1, [V]||Pdv  s.t. /||XIS[I/]||2dl/ <1.
vel0,+] v

'L

Note that Xz,[v] is not an arbitrary vector in C**! for each v because some entries of Xz, [V]
always vanish due to Eq. (6.39) because E;, is a diagonal matrix with zeros or ones on the
diagonal. From Egs. (6.42) and (6.40), it is clear that if the kth component of X'z, [v] vanishes

for some k, then the kth column of T7*[v] vanishes; i.e., the range space of (T"*[v])¥ equals

119



the signal space for input s (namely X;[v]) so that each row of T"*[v]. Hence, we can conclude
that
177 = max TV = max owmax(T"*[]), (6.45)

vel0,+ velo,+]

where ||T"*[v]|| is the spectral norm of T"*[v], and opax(+) is the largest singular value.

6.5.1 The cost function

Our problem is to design an FIR reconstruction filter matrix H[v] such that a measure of

the reconstruction error e is minimized. Using Eq. (6.15) we see that

H,,[V]

H,, v+ 1
Hr, ov] = [. z)

H,o[v+ 571
depends only on the rth row of H[v], namely H, 4[v]. We also see from Eq. (6.30) that H, 4[v]
is a linear combination parameterized by the coefficients
o ={ampr: pEP, ke Qpl,

which is a subset of the entire set of filter coefficients. Therefore, Hz, o[v] depends only on .
In view of Eq. (6.42), T"*[v] depends only on «” and the channel transfer function matrix G[v|.

It follows from Egs. (6.34) and (6.41) that

lex|? = /
[0

which is completely parameterized by a”. Consequently, for each r € R, the set of coefficients

2
dv, (6.46)

YT
sER

1
73}

a” (or equivalently the rth row of H[v]) can be optimized independently of the others by
minimizing a cost that measures the fidelity of reconstruction of the rth input. Our choice of

the cost function is the norm of the error in the worst case when x € C, i.e.,
Cr(a”) =max|le || st. |zs]| <~vs, s€ETR. (6.47)

It turns out that Eq. (6.47) is difficult to minimize directly, so we look for an alternate
expression for the cost such as a bound on C,.(a"). The following proposition, which is proved

in Appendix A, provides upper and lower bounds on the cost function.

Proposition 6.3. The cost function C.(a") can be bounded as
1 = _

—C(a") < Cp(a") < Cp(a”),

=Cifa) < Crfal) < Crfer)
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where

= ry def rs TS
Cr(@”) E Y AT =Y 76 max [ T7*[V]|.

sER ser  VEO.1]

Instead of minimizing C,(a") to compute the optimal filter coefficients a”, we minimize
C,(a") as it produces a considerably simpler algorithms to implement. Therefore, the approx-

imate optimal filter coefficients are given by
ol = argmin C,.(a"),
aT

Cr(@”) =Y s max [T"[V]||.

SER VG[O’%]

(6.48)

Owing to Proposition 6.3, the approximate solution will produce a cost that is greater by a

factor of not more than v/R times the true minimum, i.e.,
min C,.(a") < Cp(af) < VRmin C,(a).
o o’

An important question pertaining to the FIR design is whether the resulting approximation
error goes to zero when the filter lengths go to infinity. Under some conditions, we can answer

affirmatively, as the following theorem shows.

Theorem 6.4. Suppose that G[v] is continuous and that H[v] has an FIR parameterization
described in Eq. (6.30). If there exists a perfect reconstruction filter matriz continuous in v,
then

min C,(a”) — 0
aT‘
as Kpp — —00 and Kyp + lp — 00.
Proof. In view of Proposition 6.3, it suffices to prove that
lim min ||T7%]] — 0
T—00
for all r,s € R, where
r=min({~kp:r€R, pEPYU{krp+1lp:7ER, peP}).

Suppose that H°[v] is continuous in v and achieves perfect reconstruction. Also let H°[v] be
the modulated reconstruction matrix corresponding to H°[v]. From Eq. (6.43) we conclude
that

(H5, o[V)Goz.[v] = 6,11 ) By = 0 (6.49)
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for all r,s € R because we would be guaranteed perfect reconstruction if we choose H[v] =

H°[v]. Then, combining Egs. (6.42) and (6.49) we obtain
T] = (M, o[v] — H, o[V])Goz. W] By
for any reconstruction matrix H|[v]. Therefore,

max || T[] < max |[Hz,o[v] = H, JVI|| - || Goz. VI Ers||
velo, 4] ve0,+]

§ C max HHIT.,.I:V] _H%T,.[V]

ve0,1]

)

where

C= sup |Gz, [VE.,|
vel0,1/L]

is finite because G[v] is a continuous function on the compact set [0,1/L], and E, , is a constant
on each Z,,. Using Egs. (6.15) and (6.32) we obtain
max || T"*[v]|| < CL max |H,o[v] — H7 V]|

vel0, 1] v€l0,1]

< CLVP max max | Hyp[v] — Hp V]| (6.50)
P veg|0,

Now suppose that H[v]| has an FIR parameterization as in Eq. (6.30), i.e.,
Hyplv] = Z afpke_j%ukv
k€Qrp
where Q,, = {Kyp,...,krp + l;p}. Then clearly each entry of H[v] can be expressed as a
trigonometric polynomial of degree at least 7. Moreover, the coefficients of the polynomial can
be individually controlled by changing the parameters «”. Equivalently, we can reparameterize
so that the new parameters are the coefficients of the trigonometric polynomials (rather than

the filter coefficients). Now, by the Stone-Weierstrass theorem [58], we obtain

min mas. |[Hyplv] ~ H 0] < (6.51)

for any € > 0 if 7 is sufficiently large. Combining Eqs. (6.50) and (6.51) we obtain the desired

result:
lim min max ||T"*[v]| = 0.
T—00 o I/E[O,%]
Incidentally this also proves that lim,_,, mingr Cr(ar) = 0 by Proposition 6.3. O

Theorem 6.4 guarantees the existence of continuous FIR solutions H[v] that can get arbi-
trarily close to perfect reconstruction, provided that there exists a continuous H°[v] with the

perfect reconstruction property.
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6.5.2 Semi-infinite linear program formulation

In this section, we present an algorithm to compute the optimal solution to the problem in
Eq. (6.48). We show that this problem can be reduced to a semi-infinite linear program which
can then be solved by a standard method.

We begin by expressing the matrices T"°[v] as functions of the filter coefficients .

Proposition 6.4. The quantity T"*[v] defined in Eq. (6.42) can be written as

T = Fpll+ ) Y ancFpily] (6.52)
pEP EEQrp

for appropriate matrices F*[v] and Fp;[v].

Proof. Observe from Egs. (6.15) and (6.30) that the (I, p) entry of Hz, o[v] is given by

l .
[Hl},o[l/”lp = Hrp {V =+ E:| = Z arpke—j%r(u-i-l/[/)k.
kEQTp

In other words Hz, o[v] can be written as the following linear combination

Hr o)=Y > oK™, (6.53)

PEP kEQrp
where K"P¥[1] are matrices whose entries are
[Krpk[y]]lp/ _ 5pp/e—j27r(1/+l/L)k'
Combining Egs. (6.42) and (6.53), we obtain the desired affine form in Eq. (6.52), where
ng[y] = _67“8E7”,V7
i) = KM V]Ge g, [V By

O

Proposition 6.4 shows that T7*[v] has an affine form in terms of the filter coefficients o
The exact expressions for the matrices involved are provided for the sake of completeness. Next,

for a fixed index r, we rewrite the optimization in Eq. (6.48) as

min Z vs0s 8.t g > ?R(yHTTS[V]w), Vs eR, Vv € [0, %}, and Va,y € Bo, (6.54)

where B, is the unit ball for length-L vectors:

B, ={veCl:|v|<1}.
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For convenience, we treat a” as a row-vector (with any ordering of coefficients), i.e.,

r _
Xjp,k) = Yrpk>

where j(p, k) is an invertible mapping that takes the pair of indices p € P and k € Q,, to a
single index j in the set 7, defined as

jr:{O,...,Jr—l}, eréfZ’Qrp‘:erp-

peEP peEP

Recall that Q,, = {k SR Sk < lop A+ Kpp — 1}. Hence, an example of one such mapping is

p—1
J0 k) =D ey + (b — Frp).
p'=0

Define a row-vector § = [(50 53_1]. Using the FIR representation in Eq. (6.52), we can
rewrite Eq. (6.54) as

minz%és s.t. 8‘%(53 — Z Z ozrpk(yHF;i[u]m)) > &E(yHFSS[V]m>, Y(s,v,z,y) €U,

SER pEP kEQ,p

where U =R x [0, %] x Bs X B,. This problem can be recast as a semi-infinite linear program:
min R(c€) s.t. R(a(w)€) > R(b(u)), Yuel, (6.55)

where £ = [6 a"] is the set of program variables, u = (s,v,x,y) € U parameterizes the
constraints, and b(u) is a complex-scalar. The quantities a(u) and ¢ are row-vectors of length
R 4+ J, whose first R entries are real, and the remaining J,. entries are complex-valued:

1, ifn=s,

a,(u) = <0, ifneR, l#s,
—y A Fie, ifl=R+j(pk),
b(u) = y" Fy°[v]a,
Vs» if n=s,

cp =
0, otherwise.

The semi-infinite program in Eq. (6.55) is in a nonstandard form, since it contains a mixture
of real and complex variables. Nevertheless, it can be converted to the standard real form by
decomposing all complex variables into their real and imaginary parts. Finding the dual of this

real program, and reconverting to the complex form produces the following dual program:

max/b(u)dw(u) s.t. c:/a(u)dw(u), w >0, (6.56)
u u
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where w is a real and positive measure on /. The dual problem can be solved using a simplex-
type algorithm for semi-infinite programs [34].

Recall that whenever the technical conditions in Theorem 6.1 are satisfied, the set
Sy = {H[v] : perfect reconstruction is achieved.}

is nonempty. However Sy need not be a singleton set, because the perfect reconstruction filter
matrices are not necessarily unique. The optimization always produces the FIR filter matrix
that is “closest” to the set of reconstruction filter matrices Sg. If the conditions in Theorem 6.2
are satisfied, then Sy contains a continuous H[v], and guarantees, by Theorem 6.4, that the

approximation error can be made arbitrarily small by using sufficiently long FIR filters.

6.5.3 Design example

In this section, we consider two FIR filter design examples. In the first example, we design
reconstruction filters for the multicoset sampling scheme which is a special case of MIMO
sampling. In the second example, we consider MIMO sampling using a channel having two

inputs and five outputs.

Example 6.1. In this example, we design FIR reconstruction filters for multicoset sampling.
Let F =10,0.15) U[0.75,1.0), as illustrated in Figure 6.3, be the spectral support for the class

of sampled signals.

] ]

0 0.15 075 1

Figure 6.3 Indicator function of the spectral support F.

Let

A=J{4n,4n+1}
nez

denote the multicoset sampling set for By(F); i.e., the sampling pattern is C = {0,1}. This

sampling scheme can be recast as a uniform MIMO sampling scheme with L = 4 and

G| = (e_}m).

This is a single-input double-output channel, and we seek the optimal FIR reconstruction filter
matrix

H[v| = [Hl[y] H2[1/]]
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of length 15 centered at the origin, i.e., Q1, = {—7,...,7}, p=1,2. Since R = 1, we can take
v1 = 1 without loss of generality. Applying the semi-infinite algorithm, we obtain the optimal
FIR filters H;[v] and Hs[v] shown in Figure 6.4. The resulting maximum approximation error
|IT"*[v]|| at optimality is shown for v € [0,1/4) in Figure 6.5. The equal-ripple nature of this

plot is due to the minimax criterion:
§ = min C; (') = min max | T [v]|.
al al v
The optimal cost is 6 = 0.0483.

Example 6.2. Consider a MIMO channel with R = 2 inputs and P = 5 outputs. Suppose
that the inputs x1[k] and x3[k] have spectral supports illustrated in Figure 6.6, namely,

F1=10,0.4) U[0.75,1.0) and Fy = [0.25,0.5).

Let 41 = 2 = 0.5 be the weights and L = 4 the subsampling factor. For this choice we have
M =2,7; =[0,0.15) and Z; = [0.15,0.25). Using Eqs. (6.17) and (6.25), it is easy to check
that

K1 =10,2,3,6},

K2 =10, 3,6},

i = K1 U (K2 ® 2) mod8) = {0,2,3,5,6),
Jo = Ks UK, = {0,2,3,6).

Hence, by Theorem 6.1, P > max,, |K,;,| = 4 is required for the existence of a reconstruction
filter matrix H[v] that achieves perfect reconstruction. If we also require that the filters be
continuous, Theorem 6.2 states that P > max, |J,| = 5 is necessary. Let G[v] denote the

following continuous channel transfer function matrix with P = 5 outputs:

1 1
1 1+271
G| = 271 0.25 +2~2 |, where z = ¢e/?™, (6.57)

1+05271 14272
0.25 4+ 22 271

It can be verified numerically that Eqgs. (6.23) and (6.24) in Theorem 6.2 are satisfied. Hence,

the existence of a perfect reconstruction filter matrix H [v] that is continuous in v is guaranteed.
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Frequency Response of H1
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Frequency Response of H2
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Figure 6.4 Magnitude and phase responses of the optimal FIR filters H;[v] and Hs[v].

127



0.05

0.045

4
o
=

Approximation Error
S
w
o

o
o
[

0.025 -

0.02
0

L L L
0.05 0.1 0.15 0.2 0.25
Frequency v

Figure 6.5 Approximation error | T7°[v]|

at optimality.
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Figure 6.6 (a) Spectral support of X;[v], and (b) spectral support of Xs[v].
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As a consequence of Theorem 6.4, the approximation error approaches zero as the filter lengths
are increased. Using a semi-infinite algorithm, we design six sets of reconstruction filters of

varying filter lengths, indexed by 7 € {1,2,...,6}, having the following specifications:
lyp=27+1

0—7 ifpe{0,1},
Krp =

1—7 ifpe{23,4}.
In other words, all the FIR reconstruction filters for a given 7 have equal lengths (27 + 1).
Furthermore the filters g, [k] are centered at k =0 for p =0, 1, and at k =1 for p = 2, 3, and
4. Table 6.1 and Figure 6.7 show the cost function for of the two outputs and the six design
cases. Observe that the cost falls of quickly as the filter lengths increase. In this example,
the costs would converge to zero as 7 — oo, since the conditions required in Theorem 6.2 are

satisfied.

Table 6.1 Cost functions Cyp(a?) and C;(al) at optimality for FIR reconstruction filters of
length 27 +1,1 <7 <6.

l2r+1 | 3 [ 5 | 7 [ 9 | 11 [ 13 |
Co(al) | 0.4835 | 0.3643 | 0.1093 | 0.0836 | 0.0716 | 0.0329
Ch(al) | 0.3554 | 0.1690 | 0.0637 | 0.0124 | 0.0076 | 0.0034

6.6 Summary

In this chapter, we examined the problem of FIR reconstruction filter design for uniform
MIMO sampling. In practice, the reconstruction system would be implemented digitally, mean-
ing that the filter design problem would be one of FIR design. Of course, we would use D/A
converters at the far end of the system to reconstruct continuous-time estimates of the inputs.
We showed how to convert the continuous-time channel model to a hypothetical discrete-time
one. The advantage of this conversion is that it alows us to pretend that the entire system is a
discrete-time system, and this facilitates the analysis.

We then presented necessary and sufficient conditions for perfect reconstruction of the chan-
nel inputs when the inputs are modeled as multiband signals with different band structures.
We stated appropriate conditions for the existence of reconstruction filters that are continuous
in the frequency domain. The continuity property was shown to be important from an im-

plementation viewpoint, as it allows to design where the errors due to the FIR approximation
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Optimal Cost

3 4 5 6 7 8 9 10 11 12 13
Filter length: 2t+1
(b)
0.4 T

Optimal Cost

3 4 5 6 7 8 9 10 11 12 13
Filter length: 2t+1

Figure 6.7 Optimal costs (a) Co(a?), and (b) C1(al) for FIR reconstruction filters of length
214+ 1,1 <7<6.
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can be made arbitrarily small by choosing sufficiently long filters. Finally, we formulated the
reconstruction filter design problem as a minimax optimization, which was recast as a standard
semi-infinite linear program and solved efficiently by computer. The generality of the MIMO
setting allows this algorithm to be used for various other sampling schemes that fit into the
MIMO framework as special cases. We provided design examples for multicoset and general

MIMO sampling schemes.
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CHAPTER 7

CONCLUSION

In this dissertation, we addressed several issues pertaining to two sampling schemes, namely,
multicoset sampling and MIMO sampling of multiband input signals. Chapters 2 and 3 dealt
with the multicoset sampling problem, which is essentially a nonuniform periodic sampling
scheme. The main advantage of multicoset sampling is that it allows sub-Nyquist perfect
reconstruction for the class of multiband inputs whose spectra are supported on finite union
of intervals. In fact, multicoset sampling achieves the Landau minimum sampling rate in the
limit L — oo, where L is the period of the sampling pattern. However, for many spectra, the
minimum rate can be achieved for a finite L. Typically, this scheme is useful for sampling
signals with sparse and nonpackable spectra.

In Chapter 2, we deduced necessary and sufficient conditions for perfect reconstruction of
a signal from its multicoset samples, and provided an explicit reconstruction formula. We
analyzed the performance of the sampling scheme. Specifically, we computed bounds on the
aliasing error occurring in the event that the signal lies outside the valid class of multiband
signals and determined the sensitivity to input sample noise. These bounds serve as performance
measures for multicoset sampling, and they reveal that some sampling patterns are better than
others.

In Chapter 3, we studied optimality of sub-Nyquist sampling and reconstruction. The
interpolation equation for multicoset sampling derived in Chapter 2 is not unique when there is
oversampling relative to Landau’s minimum rate. We use this freedom to compute the optimal
reconstruction filters that obtain the best performance in terms the measures of performance
derived in Chapter 2, namely the aliasing error bounds or the noise sensitivity. The error
bounds depend on the multicoset sampling patterns, thereby indicating that some patterns may
be better than others. We studied the optimal sampling pattern design using two methods:
a greedy search algorithm and an ezhaustive search algorithm. The greedy algorithm, that

works by selectively adding new sampling points to a preexisting set greedily, is a suboptimal
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algorithm. On the other hand, the exhaustive search algorithm is optimal, but computationally
very expensive. We also solved the problem of choosing the optimal base sampling frequency
that minimizes the average sampling rate for a given sampling period L.

We also demonstrated that (a) for packable spectral supports, uniform sampling yields a
better performance than a general periodic nonuniform sampling scheme, and (b) for non-
packable signals, where uniform sampling is not applicable, there is a penalty associated with
nonuniform sampling relative to uniform sampling of a packable signal of the same occupancy.
However, for signals with nonpackable spectra, these penalties can be controlled by optimal
design and by backing off slightly from the minimum rate. The resulting lower error sensitiv-
ities and the significant reduction in the sampling rate over the Nyquist rate of our numerical
examples suggest that these techniques have considerable practical potential.

Chapters 4, 5, and 6 dealt with MIMO sampling of multiband inputs. In Chapter 4, we
formulated the MIMO sampling scheme. The channel inputs are multiband signals whose
spectral supports are arbitrary real sets of finite measure. This scheme is motivated by problems
in multichannel deconvolution, where the objective is to recover a set of inputs to a MIMO
channel by measuring the outputs. The MIMO sampling scheme encompasses various other
sampling schemes and is important in its one right. Our primary objective was to derive
analogues of Landau’s classical sampling and interpolation density results [6, 7] for the MIMO
sampling problem. We defined notions of stable sampling and consistent reconstruction in the
MIMO setting. Here, consistent reconstruction is the MIMO analogue of interpolation. We also
generalized the definitions of upper and lower sampling densities to collections of sampling sets.

Strengthening an idea of Grochenig and Razafinjatovo [45], we deduced necessary density
conditions for stable sampling and for consistent reconstruction in the MIMO setting. For
both problems, we find that a family of 27 — 1 density bounds hold, where P is the number
of output channels. More specifically, stable sampling dictates that the joint lower densities of
each nonempty set of output sampling sets be lower bounded. Similarly, for the consistency
problem, the joint upper densities are upper bounded. Like Landau’s results, these bounds are
fundamentally important results. They are easily computable, and they automatically apply to
sampling schemes subsumed by MIMO sampling such as Papoulis’s generalized sampling and
multicoset sampling.

In Chapter 5, we studied a special case of MIMO sampling of multiband signals where
the outputs are sampled either uniformly or on commensurate periodic nonuniform sampling
sets. The input spectral supports are assumed to be finite disjoint unions of intervals. De-

spite the restrictions, the sampling scheme still encompasses Papoulis’s generalized sampling
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and periodic nonuniform sampling schemes as a special cases. We showed that commensurate
periodic nonuniform sampling is really uniform sampling in disguise. We presented necessary
and sufficient conditions for perfect reconstruction of the inputs with and without requiring the
continuity of the reconstruction filters in the frequency domain. This continuity requirement is
desirable from the perspective of FIR reconstruction filter design.

In Chapter 6 we presented the solution to the reconstruction filter design problem in the
context of uniform MIMO sampling. We formulated a discrete-time version of the MIMO
sampling problem. The resulting reconstruction filter design becomes a problem of FIR filter
design. We first presented conditions for perfect reconstruction for the discrete-time problem
including the conditions for the existence of reconstruction filters continuous in frequency, and
then formulated the design problem as a semi-infinite linear program which is solved using a

standard algorithm.

7.1 Directions for Future Research

7.1.1 Sampling pattern design and asymptotic analysis

Our current method of multicoset sampling pattern design is to minimize an appropriate
cost function using a exhaustive search over all valid sampling patterns. Unfortunately this
solution has complexity that is exponential in L. One could use the inherent structure in the
matrices to develop an algorithm of lower complexity to solve the problem either exactly or
approximately.

Another interesting problem is to study the behavior of the various bounds or performance
measures as we allow the parameter L — oo in the context of multicoset sampling. Presently
the only clear thing is that, for any given class of input signals, increasing L causes the system
performance to improve, provided that we use the “best sampling pattern” for each L. An
exact solution this problem would be related to the sampling pattern design problem because
we pick the best sampling pattern for any L; the solution would reveal fundamental bounds on

the performance of the reconstruction system.

7.1.2 Sufficient density conditions

Multicoset sampling and other periodic nonuniform sampling schemes demonstrate that for
a multiband signal whose spectral support is a union of intervals, we can either approach Lan-
dau’s lower bound on the sampling density asymptotically or attain it. In the MIMO sampling

problem, the necessary density conditions provide an outer bound on the achievable set of den-
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sities. A natural question still unanswered is whether all the points in this region are attainable
or reachable asymptotically. Otherwise, what is the precise region of achievable sampling den-
sities? The results in Chapter 5 provide conditions for achieving perfect reconstruction using
uniform or commensurate periodic nonuniform sampling. Although we can interpret these as

sufficient conditions, they are not explicit conditions on the densities themselves.
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APPENDIX A

PROOFS AND CALCULATIONS

A.1 Proof of Lemma 2.1
Lemma A.1. If u,v are integers and o, 3 € [0,1/LT) satisfy

u [
ﬁ+a<ﬁ+ﬂ, (Al)

then u < v. Furthermore, if u = v then a < 8 follows trivially.

Proof. Equation (A.1l) implies that (v —v)/LT <  —a < 1/LT, where the strictness of the
second inequality comes from the fact that [0,1/LT) is open on the right. Hence, u —v < 1, or
equivalently, u < v. O

Proof of Lemma 2.1. Let r and m be fixed. Then for each i € {1,2,...,n} we can express a;
and b; uniquely as
v

w .
a; = ﬁ +o; and b; = ﬁ + i, (A.2)

where u; and v; are integers and «; and (; are elements of I', with «; and ; in [0,1/LT). Now
we shall prove by contradiction that exactly one of the two conditions (r/LT)&G,, C [a;, b;) and
(r/LT)® Gy, Nlai, b;) = 0 holds. Tt is clear that both statements cannot be true simultaneously.
So if neither holds, then either one or both of the following must hold:

Ym +1/LT < a; < Ymy1 +71/LT,
Ym +1/LT <b; < Ypmy1 +r/LT.

If the first condition holds, then Eq. (A.2) along with Lemma A.1 implies that r < u; < 7.
Therefore, r = u; and v, < a; < Ym+1- The last observation contradicts «; € T' because the
~’s are arranged in increasing order. Similarly the second statement above would also lead to
a contradiction. This proves our claim that the subcell (r/LT) & G, is either contained in or

disjoint from [a;, b;). This fact, being true for each i, now implies that either (f + r/LT) € F
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for every f € G, or it is so for no such f. Therefore, x(f + /LT € F) is constant over the

interval G,,. O

A.2 Proof of Theorem 2.1
Observe that the quantity ¢(f) in Eq. (2.10) equals the number of nonzero entries in
{X;(f):r=0,1,...,L —1}.

Hence, the summation in Eq. (2.8) (repeated below) contains ¢(f) nonzero terms, for each

f € Fo:

L—1 ‘
; 1 27e; .
Xcz_(eﬂ’rfT) =717 E exp (‘%)Xr(f), i=1,...,p. (A.3)
r=0

These form a set of p linear equations with ¢(f) unknown variables on the right-hand side, and
solving them requires p > ¢(f). Hence, p > q(f) for all f € Fy is necessary for reconstruction of
the spectral components X,.(f). Next, using Eq. (2.10) we bound the average sampling density
p/LT from below by the Landau minimum rate:

1

2= [T e =),

with the equality holding if and only if p = ¢(f) for all f € Fy. O

A.3 Proof of Theorem 2.2

To derive the interpolation equations, we begin by expressing Eq. (2.15) in scalar form:

We use the expressions for y(f), «;;,(f) and x,,(f) from Eq. (2.13) to obtain
Xk (l T\/_Z ejzﬂfT) (f € gm)7 1<1< dm,

Xpe 0 (f) =TVL Z X (e (f €Gm), 1<1< L~ gm,
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for f € G, and all m. Or equivalently, using Eq. (2.12) we have

)

VL ZZ [ ] X, <J2”<f- LT”>T> if f € k&, (1)/LT & Grn.

for each m, which in view of Eq. (2.7), leads to

—1) jenSikm@ 20 fTY 5
X(f) = TVLY ! | (A€ 1 X, (72T if f € k())/LT & G, (Ad)

m( ) .
TVL P [Conly@®™ 1 X, (e27IT) it f € kS, (1) LT @ Gy
for 1 <m < M. Equation (A.4) specifies the spectrum X (f) over the active subcells (k,,(1)/LT)®
G, that partition F. For f ¢ F, we have X(f) = 0 by our choice of C,,’s. We multiply the
expressions on the right-hand side of Eq. (A.4) by the indicator functions corresponding to their
regions of validity and add them together. This gives us a single equation for X (f):

M qm p - . km() ' k (l)
=TVL Z Z Z [Am 6]2 Kci(eﬂﬂfT)X(f € IT S gm)
m=1 [=1 i=1
M L—gm

P . c
jgww j2nfT k (l)
FIVEYS Y Y [Colye™ E X (X (f € T2 @G

p
_ Z(I)z(f)Xc (6327rfT)
i=1
where
M  qm , '27er(l) k (l)
VI S e (s e Rl o)
m=1 [=1
M L—qm ¢
+TVL Y D [Cmlye™ CZ—M"(JCG kL;l) @)
m=1 [=1

cikm (1)

TVLIA @ 0 if f € kp(1)/LT @ G,
TVLIC,,),,&¥ckmnOD/L i f € kS (1)/LT © G-

Each filter ®;(f), 1 < i < p has a piecewise constant frequency response. Therefore, the

reconstruction equation is

o0
Z z., (nT)¢i(t —nT)

"
M“B

1n

7

I
NE
Mg

z((c; + Lj)T) i (t — (ci + Lj)T),

.
Il

13

o0

where ¢;(t) is the inverse Fourier transform of ®;(f). O
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A.4 Proof of Theorem 2.3

The following equations (for each m and f € G,,,) are equivalent to Eq. (2.21) rewritten in

scalar form:

L—qm
ka(r)(f) = ka(r)(f) + Z [Dm]rlefn(l)(f)a 1 <r < gm,
=1
5 L—qm
Xie () (f) = Xie () (f) + [Fonlri Xne, 1) (f), 1<r<L-—gn.
=1

Consider the spectral components Ey, ) (f) and Eye ;y(f) of the aliasing error

E(f) = X() - X()
defined exactly as in Eq. (2.12) with E(f) in place of X(f):

L—gm

Bl () = Y [DralsiXpe 0y (£),
= (A.5)

L—gm

Epe (5(f) = Z [Frnlst Xke 0y (f)

=1
for f € G, 1 <71 < @qm, 1 < s <L — ¢, and each m. When expressed in the time domain,

Eq. (A.5) becomes

€ (r)(t) = > _[Dimlrilre, iy (1)),
22_1 (A.6)

ere, (5)(t) = D> [Fomlstlage 1y (£)].

=1
The total aliasing error can be obtained by modulating the errors on each subcell appropriately

and adding. The result is that e(t) = Z%:l e™)(t) where

j2mks, (Dt

L
327"km(l)t
Zekm(l T 4+ Y e (e It

Employing Eq. (A.6) in the above equation gives

M - dm j2mkem (1)t L=am
= Z ZeLT< Z [Dm]rlxkfn(l)(t)>

m=1r=1 =1

M L=qm ]27‘rk (r)t am
F 3SR (S g0

=1 r=1

M
= Z Z Nt ()T ke 1y (F), (A7)

m=1 [=1
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where 7),,,;(t) for each 1 <m < M and 1 <[ < L — gy, are continuous, LT-periodic functions

defined as
L—gm

j2‘rrkm(7‘)t j2mkm (r)t
Tlm,l(t) - Z [Fm rl€ Lr + m rle Lr .
r=1

The sup-norm of e(t) can be computed directly from Eq. (A.7) as follows

M L—gm

sup le(t)| < (max [, (1)) >y sup [z, 1) ()]
” m=1 [=1
<
< (max (1) W:23/|,W o

(l)

)df.

—maX!nmz Ej\i:Lz:: /

The double summation of the integrals reduces to the integral of | X (f)| over the union of the

subcells {(kS,(1)/LT) & Gy }, or equivalently, over the out-of-band region [F]\F. Hence,
suple(t r<w/’ nldf, (A.8)

where v is the constant

M (1)]).

q][) = max( max
m  \1<I<L—qm, t€[0,LT]

We have used the fact that 7,,;(t) is a periodic function of period LT to restrict the range
for t in the above maximization. We demonstrate that 1 is the smallest possible coefficient
in the bound in Eq. (A.8) for the sup-norm of e(t). First note that ¥ = |1y, ,(to)| for some
mo € {1,...,M}, lp € {1,2,...,L — Gm,}, and ty € [0, LT] because 7,,(t) is continuous on
[0, LT]. Now define

X(f) _ eXp(—jQﬂ'ft()) if f c kfno (lo)/LT S5 gmoy (A9)

0 otherwise.

In the time domain this is equivalent to

2(t) = 1(Gmo) sine (14(Gim ) (t = to))

X exp (j2 (kcho) + %(’ymo + ’ym0+1)) (t— to)), (A.10)

where sinct = sint/(nt). For the choice of X(f) in Eq. (A.9), it is clear that there is only one

nonzero term in the right-hand side of Eq. (A.7), namely, the term corresponding to m = my
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and [ = [y. Hence, we obtain

sup le(t)] = $up [mo.1y (£)2z,, 10) ()]
> |”7mo lo(t0)| X |$kc (lo)(t0)|

— 4 % 11(Gomo) w/ ldr.

In fact, both sides of the above inequality are equal since Eq. (A.8) holds. This proves that the
bound in Eq. (A.8) is sharp with the extremal z(t) in Eq. (A.10) achieving the bound. O

A.5 Proof of Theorem 2.4

We shall now derive a bound on the energy of the error e(t). First observe that by Parseval’s

0062 _ 2 e _ 2 2
/_ 0L /mrEmr df /m\f!E(f)! af + / E(f)[2df

theorem

M L—gm M qm
2P OO FRCGITED 3 oF INNNLE
m=1 m=1r=1 m

M gm

M L—gm
=ZZ/ B0 |df+ZZ/ Bt ().
=1 r=1

m=1r=1

Now it readily follows from Egs. (A.5), (2.13), and the above equation that

/_ T P(tydt = / (@) (% Fon + D Do) () (A1)
m];lL .
_ 2 _ 2
=3 [ WsoPe= [ Kot

where the last step follows from the definition of @ (f). Here, H,, is defined as

B e )
N LT

(A.12)

=1

Note that the union of these sets, |J,,, Hm, equals the total out-of-band region [F]\F. Therefore,
we deduce from Egs. (A.11) and (A.12) that

00 M
|0t < 30 Al B DDy [ X (P
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This bound is not very useful in this form. We can weaken it a little to express it in terms of

the out-of-band signal energy Eyut:

/ e2(t)dt < max[ Moy (F, Fo + D D) Eout (A.13)

—00

where &,y is defined as

M
fon = > [ IX(GIPA = [ X(DPa. (A1)
m—1 Hm [FN\F
By a very similar argument, we obtain the following lower bound on the energy of e(t)
/ e(t)dt > min[Ain(F*, Fp + D7 D, Eous- (A.15)

These bounds are indeed sharp. The constants multiplying &, are the best. To demonstrate
this, we construct extremal functions satisfying each of the above bounds. It is sufficient to
specify the active and inactive spectral components, ! (f) and ,,(f), rather than X (f). After
all, one can be determined in terms of the other. Consider the bound in Eq. (A.13) first. Let
mo = arg max,, (Amax(F o, Fm + D}, D,,)). For each m, define

33:2(f):0 fegma

0 if
x,,(f) = 7 mo [ € Gmo»

D, if m = my,

where p,,,, is the an eigenvector of [F, Fp,+ Dy, Dy, | corresponding to its largest eigenvalue.
Starting from Eq. (A.11), one can easily verify that the above function is an extremal for the

bound in Eq. (A.13). An extremal for Eq. (A.15) is constructed analogously. O

A.6 Proof of Theorem 2.5

Recall that

j=—o0

o) =3 S wl(ei + L)T)éilt - (e + Li)T).
i=1

It is clear that E{w*((Lj+¢;)T)w((Lj' 4+ ci)T)] = 0%8;18;#. Hence, distinct terms in the above

summation are uncorrelated and we obtain the expression

D 00
El@t) =0 > |¢i(t — LiT — 1)

i=1 j=—o0
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for the output noise power at time ¢t. The above expression, although not necessarily indepen-
dent of time, is certainly periodic with period LT. Hence, w(t) is periodically stationary and

its average noise power can be computed as follows

2 L[ 2
Elw(t = — El|w
EloOPy =7 [l
LT P
SN 1t — LTj — ) dt
=1 j=—o0
o2 p o0 ) o2 p
=25 / 0i(t — TPt = 7S 8, (A.16)
i=17v "> i=1
where £y, is the energy contained in ¢;(t). Using Parseval’s theorem and Eq. (2.18) we compute

Es,

k3

- [1@)
L—qm
—T2LZ (Gm) (Zl Nul? + Z [Cunlul?). (A.17)

This computation was quite simple because ®;(f) is piecewise constant. Combining Eqgs. (A.16)
and (A.17) gives

qm L—qm

(Elw(t)[*) = o*T ZZ (Gm) (ZI Tul® + ZI )

i=1 m=

S

= 0%, where ¢n =T u(Gm) (|4 [F + [Cmll7)-
m=1

The norm || - || above is the Frobenius norm. O

A.7 Proof of Lemma 3.1

Let Y = X + RQ'. Rewriting in terms of Y followed by squaring, the objective function
gives us an equivalent problem: miny ||R + (Y — RQ"Q|? = miny HRPé‘? + Y Q|3, where
Pé} = I — Q'Q, is the orthogonal projection operator onto R(Q)*. Hence, using PéQ =0,
transforms the problem to

: L 1 *
min Amax (RPG5+YQ)(RPG+YQ)")
= m}i,n Amax (RPQQ*lR* + YQQ*Y*).
The choice Y = 0 (or X = —RQ") is clearly optimal since Y QQ*Y * is a positive semidefinite

perturbation. In fact, all singular values of (R + X @Q) are simultaneously minimized. O
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A.8 Proof of Lemma 3.2

The proof of Lemma 3.2 relies on the following result:

Lemma A.2. Let A and B have the same number of rows and satisfy AA* + BB* = 1,
and define P Oy AAT =T - A(A*A)"LA*. Then the pseudo-inverse of M = PB is

M' = B*P.
Proof. Tt suffices to check that the asserted pseudo-inverse M satisfies

(a) M'M = PR(MT)

where P denotes the orthogonal projection operator onto the range space of any matrix
U. Note that P, being the orthogonal projection matrix onto the null space of A*, satisfies
the following properties which are easily verified: P* = P2 = PI = PPA = 0 and A*P =
0 = A'P = 0. We use these properties without explicitly stating them. To verify (a), let
Q = M'M = B*PPB = B*PB. A standard way to check that @ is an orthonormal
projection operator is to verify that Q? = Q and Q* = Q. It is evident from its definition that

Q is Hermitian. Next, we examine the quantity Q?:

Q’ = (B*PB)’ = B'PBB*PB
= B*P(I - AA"YPB=B*PB =Q,

which follows from AA* + BB* = I and the properties of P. The equation Q = B*PB =
M B yields R(Q) € R(MT). Conversely, QB*P = B*PBB*P = B*P = M implies that
R(MT') ¢ R(Q). This proves that R(Q) = R(MT) and therefore completes the verification
of (a). We may check (b) similarly. Let Q = MM' = PBB*P = P. Then Q is clearly a
projection operator. As before, we have R(M) C R(P) since M = PB, while R(P) C R(M)
since MM = P. Thus, (b) is verified and the lemma is proved. O

Proof of Lemma 3.2. Any matrix C that satisfies CA = 0 can be expressed as C = Y P for
a suitable matrix Y of the same size as C. Conversely the matrix Y P is a valid “C-matrix”
since Y PA = 0. The upshot is that we can replace C by Y P in the minimization, thereby
eliminating the constraint C A = 0 altogether. By a similar argument we can replace A~! by

A"+ X P. The sizes of X and Y are ¢ x (L—q) and (L —q) x (L — q), respectively. Therefore,

Eq. (3.13) transforms to
T T
el (422, ~sel(47) - G
XY —I Y

YPB-1 v

m
Xy

2 2
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We can now apply Lemma 3.1 to the above problem to obtain the minimizing solution

<§> - _<A—Tf> (PB)". (A.18)

Next observe that (A B) is a ¢ X L submatrix of the L x L DFT matrix with possible rear-
rangements of columns. Therefore, its rows are orthonormal and it satisfies AA* + BB* = I.
Combining Lemma A.2 with Eq. (A.18), yields the minimizing solution: X, = A'BB*P
and Y, = —B*P. Again, using AA* + BB* = I and the properties of P, we find that
X, = ATBB*P simplifies to zero. Hence, the choice A7' = A" and C, = B*P? = B*P
minimizes ||.S||2. Note that this solution also simultaneously minimizes all the singular values
of S and therefore also its Frobenius norm. We now compute the minimum norm of S at

optimality, namely | S||2 where

5= <IF)*> B <B*£TBB— I)' (4.19)

From the proof of Lemma A.2, we know that Q = B*PB is a projection operator. Therefore,
—F, =1 —Q is also an orthogonal projection operator. The case p = L is trivial and it is
easy to check that S, = 0 for this case. Moreover, F, is nonzero if and only if p < L. We
assume that p < L (and hence F, # 0) in the rest of the proof. The spectral norm of S, can

be bounded from above as follows

18413 = Amax(Di Dy + FiF,)
< Max(DiDy) + Amax (F3Fy) = 14 Apax(D3Dy). (A.20)

Now observe that
—F:D! =D - B*PBB*(A")" = D: - B*P(A")* = D*

*

Therefore, R(D}) C R(F7Y), or equivalently, R(D;D,) C R(F,F,). Let £ be an eigenvector
corresponding to the largest eigenvalue of D} Dy, i.e., D} D& = Apax(D;D,)€. Then F{F £ =
€ because £ € R(FF,). Therefore,

(DiDy + FiF )€ = (1 + Amax(DDy))E,
implying that ||S4[|3 > 1 + Anax(D%D,). Combining this with Eq. (A.20) we obtain
15113 = 1+ Amax(D:D,). (A.21)
Finally, a simple calculation reveals that
D,D* = ATBB*(A")" = AT(I — AA*)(AT)* = AT(AT)" — T
= (A*A)TA*A(A*A) L T = (A*A) - T (A.22)
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Therefore, Amax(DXD,) = Amax(D5Dy) = Apax((A*A)™1) — 1, and hence Eq. (A.21) yields
|S«ll2 = \/)\max((A*A)_l), for p < L. O

A.9 Proof of Theorem 3.3

We can rewrite the optimization as

L-1

min (a max v(f+ 7‘04)), (A.23)

azag f€l0,a) —

where v(f) = x(f € ), a = 1/LT, and ag = 1/LTy. The set F = |J;[a;, b;) is assumed to
satisfy 0 = a1 < by < ag < ..., < s, < b, = 1/Ty. The function v(f) is right continuous
and has jump discontinuities of +1 and —1 at a; and b;, respectively. Hence, we obtain the
following properties of v(f): (a) Aa; € (f1, f2] = v(f1) > v(f2) and (b) Ab; € (f1,f2] =
v(f1) < v(f2). We use these properties without explicitly stating them. Now suppose that the
optimum value «, does not satisfy ka, = b; — a; for any ¢ < j and £ > 0. We will show the
choice o = ay — § yields a smaller objective function than a = a4, for a sufficiently small 9,
which is a contradiction. In particular, we prove that ¢ < g, where ¢ and ¢ are defined as

L—-1
q def max v(f 4 ray),
r=0
o (A.24)

qdéf max: Zu(f—i—r(a*—é)),

for an appropriately chosen 6, and this implies that (o, — )¢ < a,q. Hence, the optimality of
o, is contradicted. We start by choosing d:

0<5<%min{|bj—ai—k:oz*|: i<j 0<k<L} (A.25)

Since § < L7'|b, — a; — Lay|, we see that o © o, 6 > (b, —a1)/L = «p is feasible to

the optimization in Eq. (A.23). Let f € [0, — ¢) be fixed. If there does not exist a b;
such that b; € (f + (o —0), f + ra,] for any r € £ = {0,...,L — 1}, then it follows that
v(f +r(ax —9)) <v(f+ray) holds for every r € £ and, hence, ¢ < ¢ follows from Eq. (A.24).
Otherwise, let 7y be the largest integer in £ such that

f+rolas —8) < bjy < f+ roas (A.26)
for some bj,. We now claim that there do not exist an r € {0,...,79 — 1} and a; such that
fHrae—1rd>a; > f+ra,—roo. (A.27)
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This is easily justified because subtracting Eq. (A.27) from Eq. (A.26) gives

(1o — 7)) + (r —10)d < bjy —a; < (ro — 1) + 1o
= (r —10)d < bj, —a; — (1o — r)a. < 1d

= |bj, — a; — (1o — r)a,| < max(rg, 79 — r)d < Lo,
which contradicts the choice of § in Eq. (A.25). Consequently,
v(f +ra,—1r8) <v(f+ra,—r), 0<r<r. (A.28)

Next, for ro <r < L—1, the definition of 7y implies that there does not exist a b; € (f +r(a. —
0), f+ray D (f+r(ax—9), f+rax—red]. Hence,

v(f+raxy —1rd) <v(f+ra,—re), ro<r<L-—1 (A.29)

Summing Eqgs. (A.28) and (A.29) over their respective ranges and adding together yields

L

|
—_

L-1

v(f 4+ ra,—rd) < Z v(f' +ray) <q, (A.30)
r=0

ﬁ
Il
=)

where f' = f —rgd. The second inequality in Eq. (A.30) follows from the definition of ¢q. Of
course, we need to verify that f’ > 0. This is true because, if f' = f —7r¢d < 0, the choice r = 0,
a; = a; = 0 would serve as a counter example to the claim. Since Eq. (A.30) holds for each
f €[0,a, — ), we obtain ¢ < g. This proves the original statement that 1/LT, = (b; — a;)/k
for some 1 < i < j <mnand 0 < k < L. Furthermore, the condition 7" < Ty restricts k to
0 <k <ToL(bj — a;) < L for given indices i and j. O

A.10 Proof of Proposition 4.1

Let §; and Sy be the null spaces of G 405, and G, respectively. Then obviously So C S;
implying that Ps, = Ps, Ps,, where Ps, and Pg, are the orthogonal projection operator onto

the spaces &1 and S, respectively. Then we have

G AnBe e G AnBe, o Ps,

rank(G 4,.) = rank = rank

G AnB,e G AnB,e

= rank(G anpc o Ps, ) + rank(G ang.e),

where the last step follows because every row of G 4npcePs, is orthogonal to every row of

G 4nB,.- Hence, we have

rank(G ange o Ps,) = rank(G 4.e) — rank(G anpg.e )- (A.31)
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Similarly, we can show that
rank(G anpe o Ps,) = rank(G aug,e) — rank(Gpg.). (A.32)
Finally, using Ps, = Ps, Ps,, we obtain

rank(G 4nge o Ps,) = rank(G agnpc,e Ps, Ps,)
< rank(GAch,.Pgl). (A.33)

Combining Egs. (A.31), (A.32), and (A.33), we obtain Eq. (4.4). O

A.11 Proof of Proposition 4.2
If DT (A) < oo, then every interval contains finitely many points of A, implying that
Ko = inf v57 (A A.34
o = inf 15 (A) (A.34)

is well defined. We can also assume that {)\,} € A is an increasing sequence. Since vy (A) is an

integer, we can find dg > 0 such that
vy (A) = Ko, (A.35)

i.e., every interval of length 20y contains no more than Ky points of A. Let K > Kj. Define
sets

A = {)\nK—l—k n e Z}

for kK = 0,...,K — 1, so that A = [J, Ay. Clearly, the interval [A,x 4k, Ans1)x4x) contains
exactly (K + 1) points of A because {\,} is an increasing sequence. Hence, in order to satisfy

Eq. (A.35), we must have
An+1)K+k — Ank+k > 200,

proving that each Ay is uniformly discrete. For every interval B, (7), a simple counting argument

yields
K#(By(1) N Ag) — (K — 1) < #(By (1) N A) < K#(B, (1) N Ag) + (K —1).

Using Eq. (4.22), we obtain
1
DE(Ag) = —DE(A).
(M) = D*(A)
The proof of the converse statement is trivial. To see that Ky is the smallest such K, consider

the following argument. Let A be a union of K uniformly discrete sets. Equation (A.34) implies
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that for any § > 0 there exists an interval of length 2§ containing Ky points of A. If K < Kj,
clearly not all these points can belong to different Ay, implying that some Ay are not uniformly
discrete. Thus K > K.

Now let € > 0 be arbitrary. By the definition of upper density, we can find a sufficiently
large § > 0 such that every interval of length 26 contains no more that 25(D*(A) + €) points
of A. Hence, v (A) < K, where K is an integer such that

K <20(DT(A)+¢) < K +1.

Using the same argument as before, we can write A as a union of K uniformly discrete sets

{Ar:k=0,..., K — 1} of separation of §. Then clearly

K
— <DV )
25_D (A) +e

Finally, note that Dt (Ay) < 1/(26) because each Ay has separation of §. Consequently,

K-1 K
DT(A) < DT (AL) < —.
()< 3 DHde) < 35

A.12 Proof of Proposition 4.3

Suppose that d* = DT (Aq,...,Ap) < co. Let € > 0 and v > 0 be arbitrary. Then Eq. (4.23)
guarantees the existence of 7 € R and ' > ~/e such that

P
> #(A, N By(r)) =29/ (dF —e).
p=1

Let n € Z be such that /v <n <+'/v+ 1. Suppose we divide the interval Z = B./(7) into n

equal interval of width 24//n, then it is clear that for at least one interval, say Zj, we have

M“@

#(A, NTo) > 29/ (d —¢€)/n.
p=1

Therefore, our choices for 4/ and n imply that
27/(dt —e€)  2y(dT —e)
Lty 149/

2y(d" —¢)
14¢e

»
D #(ApNTo) >

p=1

v
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Since m(Zy) = 2v'/n < 27, it follows that

2y(d* —¢)

T(Ay,...,Ap) >
V'y( 1 aP)— 1+e¢

for all ¥ > 0, and we obtain Eq. (4.25) because € > 0 is arbitrary. If d* = oo, then for every
e > 0, we can find ' > 7/e such that

P
> #(Ap N By (7)) > 29 /e

p=1

Proceeding as before, we find that there exists an interval Zy such that m(Zy) < 2y and

P o
#(A, N 1) .
pZ:; 0) (1—1—6)

Since € > 0 is arbitrary, we obtain V::_(Al, ...,Ap) = 0co. The proof of Eq. (4.26) is very similar.
Thus, the limits in Eqgs. (4.23) and (4.24) can be replaced by simple limits. O

A.13 Proof of Lemma 5.1

Observe that CH(f) = C(f) is nonsingular for all f € [a, 3] because rank C(f) = ¢. In
fact

c(NHC(f) >y, f€la,p,

where € is the minimum value of the smallest singular value of C(f) on [«, ]:

= inf opn(C = min opin(C > 0.
g (c(f) e (c(f)

This is because C(f) is continuous, implying that oyin(C(f)), which is also continuous on the

compact set [a, (], attains its infimum. Therefore,

ctif) = (chne)) e,
Pro(y = C(f)(C(Hcs) e,

are also a continuous functions of f. Note that R(C(f)) is the projection onto the range space

of C(f). Define

E, = E,— D(a)C'(a),
E,:= Eg— D(B)C'(B).
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It follows that E1C(a) = E2C(f) = 0, implying that

E1PR(C(a)) = EQPR(C(Q)) =0. (A.36)
Now take
B(f) = DC () + (5= B+ =08 ) (1, - Pricuy)

This is a valid solution because it is continuous and meets the requirements:

B(NCW) =)+ (=08 + =08 ) (€0 - Prciycn) = D)
D(a)C'(a) + E1 — E1Prc(a)) = Ea,

E(3) = D(B)C"(3) + E2 — EsPrc(s) = Ep.

js|
£
I

The last two equations follow from Eq. (A.36). O

A.14 Proof of Proposition 6.3

From Egs. (6.44) and (6.47) we obtain an upper bound on the cost function:

:maXH E T x,
SER

< maxz (T x| st [asl]| <7, sER
SER

=Y %7l = Z% max T[]l

SER SER ’L]

st zsl <78y, SER

where the last step follows from Eq. (6.45). Hence, C,.(a”) < C,.(a"). We now prove the other
inequality. start by choosing a set of signals z,, s € R such that ||| = 75 and |T"*2%| =

Ys||T7%||. In other words, z, is the right singular vector of T"% corresponding to its largest

singular value. First let Zo = 2(,. Then, for s =1,2,..., R — 1, let Z4 be either 2, or —x/, such
that
s—1
<T7”5z5, ZT’%U> >0, (A.37)
o=0

Hence, we have ||Zs|| = vs and T"°Z5 = ||T"*||zs. Therefore, Eq. (A.37) implies that for any
sER

H ZTm

s—1 s—1
2
’Trsjs“2+2<Trsws7§ :Troi'a>+H § :TTU(ZU
=0 o=0

s—1
2
> |75, + H STz, (A.38)
o=0
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Then,

(a) 2
Cr(ar)2 2

R—1
Patact
o=0

Q
> T

SER

(e) TS
= 2T (A.39)
SER

where (a) follows from the definition of C,(a"), (b) by recursively applying Eq. (A.38) starting
with s = R — 1, and (c¢) by the choice of Zs. Now, using the Cauchy-Schwarz inequality, we
have
SRR = (S AlT) = £ (A0
sER sER
Finally, combining Eqgs. (A.39) and (A.40), we obtain the other desired inequality:

Cy(a”) > %Cr(of).
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APPENDIX B

JUSTIFICATION FOR DISCRETE-TIME MODELS

The purpose of this appendix is to justify the discrete-time models for the MIMO channel
and the reconstruction system in Chapter 6. More specifically, we show that the MIMO channel
can be replaced by a hypothetical discrete-time channel. The reconstruction system, which is
implemented by digital signal processing, also has a discrete-time model, and the continuous-
time outputs can eventually be reconstructed by using D/A converters at the of the digital

processing stage.

B.1 Channel Model

Suppose that the MIMO channel and its inputs have continuous-time models as described

in Chapter 5. Then the input-output relation for the channel is

Y(f) = GHX(), (B.1)

Now, each component of the input x(¢) is a multiband signal whose Fourier transform X (f)
has a bounded support F,.. Hence, by the classical sampling theorem, x(¢) is representable in
terms of its samples on taken uniformly at a sufficiently high rate (the Nyquist rate). Suppose

that

F = Fr, fmax:SUpf, fmin:inf f,
ng fer feF
and that L € Z such that (fmax — fmin) < L/T. Hence, it follows that
/ L /
F-r2 5 = apa) =0 B2

where J(f) is the following diagonal matrix:

J(f) = diag (x(f € F1),...,x(f € Fr)). (B.3)
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Observe that

J(f)X(f) = X(f) (B.4)
because X, (f) =0 for f ¢ F,. Next, using Eqs. (B.2) and (B.4), we have
If' = fIZL/T = J(f)X(f)=I(NHI(f)X(f)=0. (B.5)
So let us define sequences x[k], y[k], and a discrete-time transfer function Gv| as follows:
kT (v+1)
H=e(']) = Xbi= g x (M)
leZ
kT (v+1)
=y<f> ()
L l L l
- Ly a1 >>J< ) v
leZ

Notice that discrete-time sequences (and their Fourier transforms) use square brackets, while
continuous-time quantities use round brackets. The quantity X, [v] is clearly supported on the
set F4 = (T/L)F. We can assume, without loss of generality, that F¢ C [0,1). Taking the

Fourier transform of y[k], we obtain

LZY< (v+1) >

1€
%G( I/T—|-l) < (VT—I—l)>X<L(VT+l))
TS (M) (M) (K )
= G| X|[v], v e [0,1], (B.7)

where (a) follows from Eq. (B.1) and Eq. (B.4), while (b) holds because
Lw+0)y o /Ly +1)
! _ R —
A1 = J(T=)x (S5 =0,
which itself is a consequence of Eq. (B.5). Finally note that the actual observations from the
channel output samples z[n] can be obtained by down-sampling y[k] by a factor of L, i.e.,

z[n] = y(nT) = y[nL]. Hence,

Z%ZY[VZZ]= velo,1], (B.8)

lel
where £ = {0,1,...,L — 1}. In other words, everything to the left of the dashed line in
Figure 5.1 can be represented by a discrete-time system shown in Figure B.1. The block

represents a discrete linear shift-invariant system with transfer function G[v].
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y, [k

X [K —— (1) 2]
GIV] ]

XK —— o 30

Figure B.1 Discrete-time model for the MIMO channel.

Finally, observe that only one term of the summation in Eq. (B.6) is nonzero for v € [0,1).
because the terms do not overlap at any frequency v due to Eq. (B.2). Therefore, if Gp,(f) is
continuous on the set F, (the closure of ), then clearly Gy, [v] is continuous on F4,. Hence,

the continuity property, which is desirable fo implementation reasons, is preserved.

B.2 Reconstruction Model

Assume that the continuous-time reconstructed output &(¢) lies in H. This is a reasonable
assumption because, after all Z(t) is an estimate of &(t) € H. Therefore, the sampling theorem
implies that &(t) is fully represented by the sampled sequence &(kT/L). So, we model our
reconstruction system as a discrete-time system producing an output &[k] = Z(kT/L), because
it suffices to reconstruct &(¢). Note that &(¢) € H if each column of h(¢) lies in ‘H. From
Eq. (5.6) we see that

Zh( _"L ) =Y hlk - L= (B.9)
nez ke
where
kT
hlk] = h(f).

We can rewrite Eq. (B.9) in the frequency domain as
X[v] = H|Z[Lv], (B.10)

where
LZH( w+1) ) (B.11)

Therefore, the reconstruction block, shown to the right of the dashed line in Figure 5.1, can
be replaced by the discrete-time system illustrated in Figure B.2. Equation (B.6) describes the

hypothetical discrete-time channel that replaces the continuous-time model, while Eq. (B.11)
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describes the real reconstruction system. Finally, since the discrete-time sequences &, [k] repre-
sent samples of &, (t) at a rate higher than the Nyquist rate, we can reconstruct &, (¢) by using

D/A converters.

L
2] —(4) — %K
: . : H[V] :
zln —(}) L

Figure B.2 Discrete-time model for MIMO reconstruction.

If the channel has a discrete-time model as shown in Figure B.1, then the reconstruction
block in Figure B.2 is the most general structure with the property that the entire MIMO
system (consisting of the channel, the down- and up-samplers, and the reconstruction filters)

is invariant to shifts by multiples of L samples:
x(k) — &(k) = x(k—nL) - &(k —nL), Yk,necZ.

The models presented here are applicable whether the discrete-time inputs represent underlying
continuous-time function or whether they are genuinely discrete-time by nature.
Finally, we point out that the sets F, are not used in the discrete-time setting, there by

obviating the need for the superscript in F¢, i.e., we denote the spectal support of z,.[k] by F.
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