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Abstract—We consider the problem of multiple-input multiple-
output (MIMO) sampling of multiband signals. In this problem, a
set of input signals is passed through a MIMO channel modeled
as a known linear time-invariant system. The inputs are modeled
as multiband signals whose spectral supports are sets of finite mea-
sure and the channel outputs are sampled on nonuniform sampling
sets. The aim is to reconstruct the inputs from the output samples.
This sampling scheme is quite general and it encompasses various
others including Papoulis’ generalized sampling and nonuniform
sampling as special cases. We introduce notions of joint upper and
lower densities for collections of sampling sets and then derive nec-
essary conditions on these densities for stable sampling and consis-
tent reconstruction of the channel inputs from the sampled outputs.
These results generalize classical density results for stable sampling
and interpolation due to Landau.

Index Terms—Frames, interpolation, multiband signals, mul-
tiple-input multiple-output (MIMO) systems, necessary density
conditions, reconstruction, stable sampling.

I. INTRODUCTION

ULTICHANNEL deconvolution or multichannel sepa-

ration of a convolutive mixture is an important problem
arising in several applications and has recently attracted sub-
stantial interest. In essence, the problem deals with a multiple-
input multiple-output (MIMO) channel with observable outputs
and the aim is to invert or equalize the channel to recover the
channel inputs. In general, the channel inputs have overlap-
ping spectra. Some example applications where MIMO chan-
nels arise are multiuser or multiaccess wireless communica-
tions and space—time coding with antenna arrays, or telephone
digital subscriber loops [1]-[4], multisensor biomedical signals
[5], [6], multitrack magnetic recording [7], multiple speaker (or
other acoustic source) separation with microphone arrays [8],
[9], geophysical data processing [10], and multichannel image
restoration [11], [12].

In practice, digital processing is used to perform the channel
inversion, whereas the channel inputs and outputs are contin-
uous-time signals. Consequently, the channel outputs are sam-
pled prior to processing. Thus, our aim is to reconstruct the
channel inputs from the sampled outputs. This channel inver-
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Fig. 1. MIMO sampling.

sion problem can be restated as one in sampling theory, which
we call MIMO sampling. We study this problem entirely from
the perspective of sampling theory, although the problem could,
equally well, be viewed as one of channel equalization.

While much of the recent work on MIMO equalization has
been on the so-called blind problem, we consider the simpler
nonblind problem and assume that the channel characteristics
are either known or that they can be estimated accurately using
known test input signals. We seek necessary conditions on the
sampling sets and the channel for reconstruction of the inputs.
These necessary conditions must also apply to the harder
problem of blind MIMO equalization with sampling.

Our problem is formulated as follows. Let z,.(¢), r = 1,
..., R, be a collection of complex-valued signals whose spec-
tral supports are sets F,. C R of finite measure. We refer to such
signals as multiband signals because, in practice, F is a finite
union of intervals. These R signals are input to a MIMO channel
consisting of linear time-invariant filters (see Fig. 1) to produce
P outputs y,(t), p =1, ..., P, which may be expressed as

yp(t)zzgpr(t)*xr(t)v p=1,...,P

where * denotes convolution and {g,,} are square-integrable
impulse responses. Each output y,(¢) is subsequently sampled
on a discrete set A, = {\,, : n € Z} and these samples
are then used to reconstruct the inputs. This sampling scheme
is very general and subsumes various other sampling schemes
as special cases. For instance, Papoulis’ generalized sampling
[13] is essentially a single-input multiple-output (SIMO) sam-
pling scheme, i.e., MIMO sampling with R = 1. An extension
of Papoulis’ sampling expansion to vector-valued inputs [14]
is also a special case with all inputs having identical low-pass
spectra, i.e., . = [-B, B].

Let z(t), t € R?, denote a complex-valued and square-in-
tegrable continuous function whose Fourier transform X ( f) is
supported on a measurable set 7 C R? where d is a positive
integer. Landau [15], [16] proved the following fundamental re-
sult for sampling and interpolation of multiband signals. Sup-
pose that a function z(¢) is sampled on a discrete set A = {\,, :
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n € Z} C R?. Then, for stable reconstruction! of z(t) from
its samples (A, ), it is necessary that the sampling density? of
A be no less than the measure of F, i.e., A must be sufficiently
dense in order to stably reconstruct the input. The precise def-
initions of stable sampling and sampling density are presented
in Section II.

A dual problem is that of interpolation: given a discrete set
A and a square-summable sequence {c, } € [2, we ask if there
exists a function xz(t) with spectral support F that interpolates
through the values {c,} at the sampling point {\,}, i.e.,
x(An) = ¢n. A necessary condition for interpolation is that
the density of A be no more than the measure of . Roughly
speaking, A must be sufficiently sparse in order to assign
arbitrary values to the samples of z(¢) on the set A.

We refer to the above problems as classical sampling and in-
terpolation. Grochenig and Razafinjatovo [17] provided a sim-
pler proof of Landau’s classical result for the case that F has
zero boundary measure. Their technique also allowed them to
prove necessary density conditions for some derivative sam-
pling schemes. In this paper, we extend the idea of [17] to de-
rive necessary density results for MIMO sampling. We consider
only single variate functions in our analysis (d = 1), and the re-
sults easily extend to multivariate functions. More specifically,
we address the following questions. a) What are necessary con-
ditions on {A,} for stable reconstruction of the MIMO inputs
z, € B(F,) from the output samples {y,(An,)}? b) What are
necessary conditions on {A,} such that for any square-sum-
mable sequence {c,,, } there exists a set of inputs to the channel
whose pth output interpolates through the values {c,,} at the
sampling points {\,, }? We refer to this as consistent recon-
struction. Problem b) is analogous to the classical interpolation
problem. As in the case of classical sampling, our goal is to find
necessary conditions on the sampling sets for stable sampling
and consistent reconstruction.

In [18], we derived sufficient conditions for reconstruction
from MIMO samples assuming that the outputs are sampled
uniformly. The related filter design issues were studied in [19].
Sampling theorems for special cases of MIMO sampling are
also considered in [13], [14]. These results are sufficient den-
sity conditions for uniform or periodic sampling, and are not
shown to be necessary for arbitrary, nonuniform sampling of
the channel outputs. An interesting SIMO sampling scheme ap-
plicable to general signal spaces including wavelet and spline
spaces can be found in [20]. However, we restrict our attention
to multiband signal spaces alone.

This paper is organized as follows. In Section II, we introduce
some notation and review some mathematical background. In
Section III, we present our main results: necessary conditions
on {A,} for stable MIMO sampling and consistent MIMO re-
construction. For stable reconstruction, we prove that the sum
of densities of A, is lower-bounded by the sum of the measures
of F,.. Similarly, for the consistency problem, the sum of den-
sities of A, is upper-bounded by the sum of the measures of
F.. Apart from these natural generalizations of the classical re-
sults, we also derive necessary conditions on the joint density

I'The property that any errors in the sample values cause a controlled amount
of error in the reconstruction.

Interpreted as the average number of samples per unit time.
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for each subcollection of sampling sets, as well as conditions
on the channel transfer function. These bounds provide an outer
bound on the region of achievable densities. We provide exam-
ples to illustrate the results. Finally, we provide proofs of these
results in Section IV.

II. PRELIMINARIES
A. Definitions and Notation

Let 12 denote the set of square-summable sequences and
L?(R) and C(R), the spaces of square-integrable and contin-
uous functions, respectively, on R. Then

B(F)={z c L*R)NCR): X(f)=0,Vf ¢ F} (1)

is the space of continuous L?(R) signals bandlimited to a mea-
surable set 7 C R, where X (f) is the Fourier transform of a
signal x(t)

X = /R (t)e=i2e gy,

Let x(-) denote the indicator function. Thus, x(f € JF) takes
the value 1 on the set , and 0 elsewhere. Let ¢ () denote the
inverse Fourier transform of x(f € F)

br(t) = /f Iy,

Let O, denote the time-shift operator: ©, f(t) = f(t — 7). Let
() denote the empty set and S¢, the complement of a set S in the
appropriate universal set. Let p(+) denote the Lebesgue measure
of real sets.

The space of complex-valued matrices of size M x N is
denoted by CM*N _ Let e, € CF*! denote the rth standard
basis vector, i.e., e, has a 1 at the rth position, and zeros
elsewhere. For a given matrix A, let A¥ denote its conjugate-
transpose Ax c, its submatrix corresponding to rows indexed
by the set R and columns by the set C. Also, let A.,C denote the
submatrix formed by keeping all rows of A, but only columns
indexed by C, and Ag ,, the submatrix formed by retaining
rows indexed by R, and all columns. We use a similar notation
for vectors. Thus, X is the subvector of X corresponding to
rows indexed by R. When dealing with singleton index sets:
R = {r} or C = {c}, we omit the curly braces for readability.
Therefore, A, o and A, . are the rth row and the cth column of
A, respectively. Let A\,ax(A) and Anpin(A) denote the largest
and smallest eigenvalues of A. Recall that the singular values
of a matrix A are the nonzero eigenvalues of VAHA. Let
Omax(A) denote the largest singular value of matrix A, and
Omin(A), the smallest nonzero singular value of A if A # 0.
If A =0, we take op,in(A) = oo.

B. Sampling Density

A discrete set A = {\, : n € Z} C R is called uniformly
discrete with separation 0 if

[Am — An| > 26, Ym # n.
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Let the maximum and minimum number of sampling points of
A found in any interval of length 2+ be denoted by

vi(A) = sup #(AN By (1))

2
respectively, where #(S) denotes the cardinality of a set S, and
B,(r)={ceR:

is a closed interval of length 2 centered at 7. For a discrete set
A, the upper and lower densities are defined as

vi(d)

vT(A) = nf #(A 0 By(7)

lo—7| <~}

Dt (A) = limsup

Y=o

~ vy ()
D™ (A) = liminf 2 3)
Yoo 2y
respectively. Although traditionally written as “liminf” and
“lim sup,” the limits in (3) can be replaced by simple limits
[21]. Several other notions of density for nonuniform sampling
can be found in [21].

If the lower and upper densities coincide, this density is called
the uniform density? and is denoted by D(A). Any large interval
of length [ contains approximately [D(A) points of A. If A is
uniformly discrete, then D+ (A) is finite but the converse state-
ment is not true. However, DT (A) < oo implies that A can be
expressed as a union of finitely many uniformly discrete sets
[22].

When dealing with a collection of sampling sets, as in the
MIMO setting, it is useful to define joint densities for the col-
lection. In [22], we introduced the following generalizations of
sampling density.

Definition 1: Given a finite collection of discrete sets A,

p = 1,..., P, their joint upper and lower densities are defined
as
F(Ag, ..., A
D+(A1....7Ap):11msupM 4
y—oo 2y
(A, A
D~(Ar,.. Ap) = liming AL AN o
y—o0 2y
respectively, where
v (Aq,. .., ,Ap) =su (A,NB
(A1, TGEZ# L)
vy (A, Ap) = inf Zl #(A, N B, (7))
]):

are the maximum and minimum number of sampling points of
the collection {A, : p = 1,..., P} found in any interval of
length 2.

Once again, the limits in (4) and (5) can be replaced with
simple limits. In fact, this can be inferred from the following
stronger result.

Proposition 1: For all v > 0
Ap) > 2’}/D+ (A1
AP) <2’)/D (Al,...7

(6)
)

. Ap)
Ap).

3The sampling points in A need not be uniformly spaced.
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Proof: Suppose that dt = D¥(Aq,...,Ap) < oco. Let
€ > 0 and v > 0 be arbitrary. Then (4) guarantees the existence
of 7 € Rand v/ > 7/e such that

P
> #(Apy N By (7
p=1

Let n € Z be such that v'/v < n < +'/v + 1. Suppose we
divide the interval 7 = B.(7) into n equal intervals of width
24 /n, then it is clear that for at least one interval, say Z,, we
have

)) > 29/(d" —e).

P
Z#A NZy) > 29 (d*t —€)/n.
p=1

Therefore, by choice of 7/ and n

P
29/(d* — ¢ 2v(dt — ¢
Z#(ApﬂIO)Z ’1( . ): 'Y( /)
= +'/ L+9/y
S 2t —¢)
1+e
Since m(Zy) = 2+'/n < 2+, it follows that
29(d* —¢)
Vj(Alv"'vAP)Z 1+e¢

for all v > 0, and we obtain (6) because ¢ > 0 is arbitrary. If
dT = oo, then for every € > 0, we can find v/ > «y/¢ such that

Z #(Ap N By(1)) > 2y [e.

p=1

Proceeding as before, we find that there exists an interval Z
such that m(Zy) < 2 and

2y
e(l+¢€)

P
> #(A,NT) >
p=1

Since € > 0 is arbitrary, we obtain l/j/r (A, ...,
proof of (7) is very similar.

Ap) = 0. The
O

Proposition 1 implies that
l/,j (A17 cey

lim inf
y—00

., Ap)

. Ap).
'y—>oo

27
Thus, the limits in (4) and (5) can be replaced by simple limits.

C. Stable Sampling

In classical sampling, samples of a signal z € B(F) on a
discrete set A are used to reconstruct . The input space is the
Hilbert space H = B(F) with the following inner product:

(@) = [ oltfl0dt, Vay € B

The norm on H is defined as ||z|| = \/(z,x). Thus, the sam-
pling operation can be expressed as an inner product

z(A) = (2, Ox¢F).
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The set A = {\,, : n € Z} is called a set of stable sampling for
B(F) if there exist A, B > 0 such that

Alll* < 37 le(ha)l® < Bllell?,

ne”z

Ve e B(F). (8

This condition implies that {©y ¢ : n € Z} is a frame for
B(F) with frame bounds A and B and the condition number
K = \/B/A > 1. The theory of frames thus provides a con-
venient tool to study sampling [21]. We present more details on
frames in Section IV.

We extend the above definition of stable sampling to the
MIMO problem as follows. Recall that the channel inputs and
outputs are related to each other as

y(t) = g(t) a(t) = / ot - 1)a(r)dr

R
where z is the input vector whose components are multiband
signals . € B(F,), and y is the channel output in vector form,
and g is a matrix whose entries are g,,(t). Thus, the space of
inputs is

H= B(fl) X - X B(fR)

Suppose that
Cr={r:feF} )

Then it is clear that X¢, (f) contains all the nonzero elements
of X(f). Hence, the channel output can be expressed in the
frequency domain as

Y(f)=G(N)X(f) = Goc,(f)Xc,(f) (10)

where G( f) (the Fourier transform of g(t)) is called the channel
transfer function matrix. We use the shorthand notation y = Gz
to denote the input—output relation of the channel, where G is
the operator denoting the channel.

In the rest of this paper let

R={1,...,R}

and P={L,...,P}

denote index sets for the channel inputs and outputs, respec-
tively.

Definition 2: A collection of discrete sampling sets A, =
{Mp : n € Z}, p € P is said to be stable with respect to
(G, H) if there exist A, B > 0 such that

P
Allzl> <37 lyp(Anp) P < Bllz|®

p=1neZ

(1)

for every & € 'H, where y = Gz. We sometimes refer to this as
a collection of stable MIMO sampling.

As we will see later, the implication of this definition is that
the inputs to the channel can be reconstructed from the samples
of the outputs on these discrete sets in a stable way, i.e., any
error in the sampled values produces a controlled error in the
reconstruction.

D. Interpolation and Consistency

In the context of classical multiband sampling, a sampling set
A is called a set of interpolation if for every {c,,} € I? there ex-
ists x € B(F) such that z(\,,) = ¢y, i.e., the sampling operator
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Fig. 3. Typical spectra of the channel inputs and outputs.

corresponding to A from B(F) to I? is onto if A is a set of in-
terpolation. There are several practical implications to A being
a set of interpolation. First, it implies that any square-summable
data sequence {c¢, } can be interpolated to a signal x € B(F)
whose samples on A agree with the data sequence. Second, it
implies that the samples of © € B(F) on A are nonredundant
because each sample is completely independent of all the others.
If A is not a set of interpolation, then the samples of x € B(F)
live in a strict subspace of [2, and are linearly dependent with
some samples completely determined by the others. We extend
this notion to MIMO sampling as follows.

Definition 3: A collection of discrete sets A, = {\,, : n €
7}, p € P is said to be consistent with respect to (G, H) if for
every {cnp} € 12, there exists a solution € H to the problem
Yp(Anp) = Cnp, Where y = Gz. We sometimes refer to this as
a collection of consistent MIMO reconstruction.

In the preceding definition, we seek an input signal that, when
passed through the MIMO channel and sampled, produces the
desired observations. We refer to this property as consistent re-
construction (as opposed to interpolation) because the observa-
tions are samples of the channel output (as opposed to the in-

puts).

III. NECESSARY DENSITY CONDITIONS

In this section we present our main results namely, neces-
sary conditions for stable sampling and consistent reconstruc-
tion. We begin with an example for illustration.

Example 1: Consider a MIMO channel with R = 2 inputs,
P = 2 outputs, and the following transfer function matrix:

G(f) = [1 K(f)] (12)

0 1

where K(f) = (1 — 2f/3)x(f € [0,1.5]) is shown in Fig. 2.

Let 7y = [—1,1) and F, = [0, 2) be the input spectral supports.
Thus,

y1(t) =z1(t) + k(t) * z2(t) (13)

yg(t) =XT2 (t) (14)

The input and output spectra for a typical set of channel inputs

are illustrated in Fig. 3. We interpret Y7 (f) as the sum of the
two pieces shown in the figure.
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Let y; (¢) and y2(t) be sampled on sets Ay and Ao, respec-
tively. Then, what are necessary conditions on A; and A, for
stable reconstruction of the inputs?

We shall first find a necessary condition on A; assuming that
y2(t) is known for all ¢t € R instead of ¢ € A,. This is allowed
because the resulting condition will also be necessary for the
original problem. Thus, z2(t) = y2(t) by (14). Using (13) we
have

yl()\nl) = 1‘1()\n1) + []C(f) * ZEQ(t)]t:)\nl. (15)

Since z:2(t) is known for all ¢, the second term on the right-hand
side can be computed and subtracted off from the left-hand side
(known samples) to yield the samples of z1(¢) on Ay

xl()\nl) = yl()\nl) - [k'(f) * ‘TZ(t)]t:Anl'

Given zo(t), the data contained in the sequences (15) and (16)
are equivalent in the sense that one can be used to find the
other. Therefore, we must be able to reconstruct z(¢) from
{z1(An1)} and z2(¢). Since 1 (t) and x2(t) are independent of
each other, 1 (¢) must be reconstructed from the sequence (16)
alone. Using Landau’s result, we obtain the following necessary
condition on Aj:

(16)

Di(Al) Z /1,(.7:1) = 2.

Next, we determine a necessary condition on As. Note that
if we can reconstruct z1(¢) and z2(t), then outputs y1(¢) and
ya(t) are also trivially reconstructible. This time, we assume
that y1 (¢) is known for all £ € R and any resulting necessary
condition on A, for stable reconstruction of yo(¢) from y; ()
and {y2(An2) : n € Z} will also be necessary for the original
problem.

Let Z = [1,1.5]. From Fig. 3 it is clear that for f € Z

Yi(f) = K(f)Xa(f) = K(f)Ya(S)-

Therefore, the part of the spectrum of Ya(f), f € Z can be
recovered (although not stably because K (f) approaches zero
at f = 1.5) from Y;(f). However, no part of Ya(f), f ¢ Z
can be recovered from Y; (f). This observation motivates us to
decompose the signal y»(t) as

Y2(t) = ya(t) + ys(t)

where Y, (f) = Ya(f)x(f € Z) and Y3 (f) = Ya(f)x(f ¢ 2).
Then, y,(t) can be recovered from y;(¢). Having determined
Ya(t), we compute the samples of y;(t) on A5 as follows:

yb(/\nZ) = y2(/\n2) - ya()\n2)~

Using a similar argument as before, we obtain the following
condition for stable reconstruction of y;(t) (and hence y(t)):

Di(Az) Z u(]'-z N Zc) =1.5.

Finally, we expect the total sampling density of the outputs to
be larger than the total spectral measure of the inputs, i.e.,

D™ (A1, Az) 2 p(Fr) + w(F2) = 4.

In the above example, we used a series of steps to deduce nec-
essary conditions on the sampling densities. However, our argu-
ments were not very rigorous but specific to the given transfer
function G(f). The necessary density conditions for the general
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problem can be stated in a very simple form. We postpone their
proofs to Section IV since they are technically involved.

A. Density Conditions for Stable Sampling

Let the essential supremum and infimum of a real function
A(f) be defined as
esssup A(f) = inf{a: A(f) <aae}
essinf A(f) = sup{a: A(f) > aae.}

where a.e. stands for almost everywhere.

Theorem 1: Suppose that F,., r € R, are real sets of finite
measure, H = B(F1) X --- x B(Fgr), and A, p € P, are
discrete sets with DT(A,) < oo that constitute a collection of
stable sampling with respect to (G, H). Then, for every II C P

R
D ({Ay i pelh) > Y () - / vank(Gre.c, (f)) df

(17)
where C; = {r : f € F,} and II° is the complement of II in P.
Furthermore, if
eSfSEi}I_lf Omin (GHC,Cf (f)) = 07 F = U ]:1
rTER
for some II # P, then (17) is a strict inequality.

(18)

Theorem 1, which is proved in Section IV, provides lower
bounds on the joint densities of all subcollections of {A,}. In
particular, letting II = P in (17), we obtain

R
D™ (Ay,...,Ap) > u(F). (19)
r=1
In other words, the combined sampling density on all the output
channels must be no less than the combined bandwidth of all
the input signals, which represents the total number of degrees
of freedom per unit time contained in the inputs.

Intuitively, we can explain these bounds as follows. Sup-
pose that the outputs y,(t), p € II° are completely known
for all ¢t € R, which is the case that demands the weakest
conditions from the {A, : p € II} for stable sampling. Then,
Yue(f) = Gnec,(f)Xc,(f) is known for all f. Therefore,
rank(Gnc o (f )) is the number of independent components of
X(f) at frequency f that can be determined from knowledge
of Y (f) alone. Consequently

/R rank (Gre ¢, (f))df

is the number of degrees of freedom per unit time in the inputs
that can be resolved by knowing the outputs y,(t), p € 1I° com-
pletely (for all t). Therefore, the difference in right-hand side of
(17) is the number of unresolved degrees of freedom per unit
time in the inputs. The left-hand side of (17) is the joint lower
density of {A, : p € II}, i.e., the smallest local sampling den-
sity (number of samples per unit time in a local sense) contained
in these sampling sets. Thus, (17) merely states that we require
more samples than the unresolved degrees of freedom in the in-
puts (locally per unit time) for each choice of II.

Note that this bound depends only on the submatrix of G( f)
whose rows are indexed by the complement of II and columns
by Cy because X,-(f) vanishes outside F..
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Next, if some singular value of G- ¢, (f) takes arbitrarily
small nonzero values, then we cannot stably invert Y. (f) =
G ¢, (f)Xc,(f) to stably recover the independent compo-
nents of X (f) and the density of A, must be strictly larger than
the right-hand side of (17).

Theorem 1 leads to the following simple necessary conditions
on the admissibility of subsets of the continuous-time channel
outputs for stable recovery of the inputs. Let 7 = |J,c» Fr-

Definition 4: A set of outputs y,, p € II, IT C P is said to
be an admissible set of outputs for H if

eS}Sei}_lf Amin (Gl ¢, ()G e, (f)) > 0. (20)

It is easily verified that (20), which states that the singular
values of Gr ¢, (f) are uniformly bounded away from zero, is
a necessary condition for stable recovery of £ € H from the
continuous-time outputs {y,(t) : t € R, p € 1I}.

Corollary 1: Under the hypotheses of Theorem 1, II¢ is an
admissible output set for H for every Il C P, II # P, for which
D=({A, : p € II}) = 0. In particular

e?”SEi]I}f Amin (G’fcf (f)Gac,(f)) >0.
Proof: From Theorem 1, (42), and (43) we have

21

R
D({Ayipem)) > S u(F) - / vank(Gre ¢, (f)) df

R
> 3 u(F) - /R Cldf

20._

If D~ ({A, : p € II}) = 0, then all inequalities above must be
equalities. Thus, (17) holds with an equality, implying that

inf min G € 0
e?SGg_l g ( I ,C_[(.f)) >

by Theorem 1. We also have rank(Gre ¢, (f)) = [Cs| ae.,
implying that

2
)\min (chvcf (f)GHC,Cf (f)) = [Umin (GHC,Cf (f))] .
Now, the admissibility of I1¢ follows by combining the last two
observations. Applying this result to IT = (3, we obtain (21). [

Equation (21), which states that the entire set P of outputs
must be admissible for stable MIMO sampling is not surprising:
even if all y, () are known for ¢ € R, we cannot stably recover
the channel inputs unless (21) holds. In fact, an even simpler
necessary condition emerges from (21)

P > |Cyl| ae.

i.e., the number of outputs must be no less than the number of
overlapping input spectra at any frequency.

Next, suppose that D~ ({A,, : p € II}) = 0. Then, the output
samples on the sampling sets {A, : p € II} are too sparse to
contain any signal information. Therefore, we must rely entirely
on the output samples taken on {A,, : p € II°} to achieve stable
reconstruction, and an argument as before provides intuitive jus-
tification for the admissibility of II¢.

The following result provides another necessary condition for
stable sampling.
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Theorem 2: Under the hypotheses of Theorem 1, we require

€SS SUP Tpmax (Grﬁ,cf (f) <o (22)

feFr
where [IT = {p c P D+(Ap) > 0} and F = UTG'R Fr.

Theorem 2 is proved in Section IV. Whenever Dt (A,) =
0 for some p € P, the samples of y, on A, are too sparse
to provide any useful information. Thus, 117 can be viewed as
the set of outputs whose samples are dense enough to provide
information about the inputs. In view of this interpretation, we
see that (22) is an implication of the upper stability bound in
(11).

Clearly, D= (A,) = D*(A,) = 0 forall p ¢ II'". Thus,
D=({A, : p € (II'")°}) = 0 and by Corollary 1, II" must be
an admissible set and (20) holds for IT = II™. In this case, the
condition (20) applied to II* and condition (22) are necessary
bounds on the smallest and largest singular values of the same
matrix. So, if (22) does not hold, then stable reconstruction from
the sampled versions outputs will be impossible even if 11T is
admissible. An example of this in the single-input single-output
case is an integrator G(f) = 1/(j2n f).

We now present a simple example to illustrate the necessary
conditions for stable MIMO sampling.

Example 2: Consider the MIMO channel and inputs as de-
scribed in Example 1. We seek conditions on the sampling sets
A1 and A, for stable MIMO sampling with respect to G. We
have F = F; UF, = [—1,2] and

{1}7 lff € [_170)
. _ ) {L2} iffelo,1)
Crmtmle = e ey
0, otherwise.

It is easy to check that (22) is satisfied regardless of II*. Also,

2+ K*(N)] = VI2+ K2(f)]? — 4
Omin (Go,Cf (f)) = \/2 .
This quantity is positive and uniformly bounded away from zero
because K (f) is a bounded function. Hence, (21) is satisfied.
Applying Theorem 1, we obtain the following density condi-
tions:

D™ (A1, A2) 2 p(F1) + pu(F2) = 4

D (A1) > j(Fr) + u(Fa) — /H vank(Gac, (f))df

4—/ 0df — 1df — L1df =2
[—1,0] [0,1] [1,2]

D (As) > j(F1) + ul(Fa) — /H vank(Ga e, (f))df

—4- d
[
- / f — [ x(K(f) # 0)df
[0,1] [1,2]

=1.5.
Now, a simple calculation reveals that
1, if fe[-1,0)

omin(Gic, () = VI+K2(f), iffelo,1)
K (), if f €[1,2).
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Clearly, this quantity takes arbitrarily small values in the vicinity
of f = 1.5, where K ( f) vanishes. Hence, the bound on D~ (A3)
is a strict inequality. Another calculation yields*

00, if f €[-1,0)
Unlin(GZ,Cf(f)) = 17 lff € [071)
1,  iffe[l,2).

Hence, the bound on D~ (A1) is not a strict inequality. In sum-
mary, we obtain the following necessary conditions on the joint
densities:

Di(Al./Ag) Z 47 Di(Al) Z 2, and Di(Az) > 1.5.
These results agree with our predictions in Example 1.

Finally, note that we can have undersampling at each output
and yet be able to reconstruct all the inputs jointly from the
available information. For instance, we do not need D~ (A1) >
2.5, even though y; (¢) has a bandwidth of 2.5. To see this, we
construct a sampling scheme for which the densities (d, ds) =
(2,2) are achievable, where d,, = D(A,), i.e., A, has a uniform
density of dp,. Let A; and A, be uniform sampling lattices

A1:A2:{7’L/227’L€Z}.
Clearly, y2(t) = x2(t) can be reconstructed stably. Now, the

samples of x4 (¢) on Ay can be computed as follows:
21(An1) = y1(An1) = [k(t) * 22(8)]_, |

because x2(t) is known for all ¢. Thus, x1(¢) can also be recon-
structed stably. However, it is not immediately clear whether all
densities satisfying the necessary conditions are achievable or
how to achieve them.

B. Density Conditions for Consistent Reconstruction

We now present the necessary condition for consistent MIMO
reconstruction, which is dual to the problem of stable sampling.

Theorem 3: Suppose that F,., r € R are real sets of finite
measure, H = B(F1)x---xB(Fgr),and A, p € P are discrete
sets that constitute a collection of consistent reconstruction with
respect to (G, H). Then, for every IT C P

DY({A, :peTl}) < / rank(G’chf (f))df (23)
R
where C; = {r : f € F,}. Furthermore, if
eisei}lf(fmin(GH,cf(f)) =0, F = U F,

rER
for some I # (), then (23) is a strict inequality.

(24)

Theorem 3 is proved in Section IV. Suppose G(f) satisfies
(21), then

rank(GH’cf (f)) < |C¢|.
Under this condition, IT = P in (23) implies that

R
D+(A17"'7AP)SZN(]:T) (25)
r=1

i.e., the joint density of A, does not exceed the combined band-
width of the input signals. Note that (21) need not hold for con-
sistent reconstruction.

4Recall that we take o pin(A) = oo if A = 0.
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Theorem 3 provides conditions on the joint upper densities
of all subcollections of {A,}. The density bounds can be inter-
preted as follows. The right-hand side of (23) is the joint upper
density of the sampling sets {A, : p € II}, i.e., the largest
local sampling density (number of samples per unit time in a
local sense) in these sampling sets. We have already seen that
the quantity

/ rank (G ¢, (f))df
R

is the number of degrees of freedom per unit time contained in
the outputs {y,(¢) : p € II}. Thus, (23) states that in order to
interpolate the outputs through its given sample values, the local
density of samples must be less than the number of degrees of
freedom per unit time in these outputs. The following corollary
is dual to Corollary 1.

Corollary 2: Under the hypotheses of Theorem 3, II is an
admissible output set for H, i.e.,

. H
e?tseglf Amin(Gfic, (f)Guc,(f)) >0 (26)
for every IT C P, IT # 0, such that
R
DY({Ap:pel}) = u(F). (27)
r=1

Proof: From Theorem 3 and (42), we have

DY({A, :peTl}) < / rank (G c, (f))df
R

R
< /R|cf| =Y )

If (27) holds, then both the above inequalities are, in fact, equal-
ities. Then, (23) is satisfied with an equality, implying that (24)
fails to hold. Also, rank (Grc, (f)) = |Cy|, so that

Aasin(Gl ¢ (1Gric, () = [omin (Gric, ()]

Now (26) follows by combining the last two observations. [

Corollary 2 can be interpreted as follows. Suppose that the
smallest singular value of Grc,(f) takes arbitrarily small
values, then there are unit energy inputs that produce outputs
yp(t), p € II, of arbitrarily small energies. Roughly speaking,
we can find [? sequences {c,,} for which the consistency
problem does not have a finite-energy solution z € H if we are
operating at the critical sampling density, i.e., with an equality
in (23).

Example 3: Let the MIMO channel and the input spectral
supports be as defined in Example 1. What are the necessary
conditions on the sampling sets A; and As for consistent recon-
struction? Fortunately, we have already performed the necessary
calculations in Example 2. Applying Theorem 3, we obtain the
following bounds on the joint densities:

Dt (A, Ap) < / rank(Ga ¢, (f))df = 4
R

DT (A) < /

R

DT (Ag) < /

R

rank (G ¢, (f))df =2.5

rank(Gac, (f))df = 2.
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Stable Sampling

ds

Consistent
Reconstruction

Fig. 4. Density regions for stable sampling and consistent reconstruction.

These inequalities can be explained intuitively as follows. If
consistent reconstructions of x1(t) and x2(t) are possible, then
we must also have consistent reconstruction (or interpolation)
of y1(t) and y»(t) from their respective samples. Looking at
Fig. 3, we see that Y5(f) = Xa(f) is bandlimited to [0, 2).
Therefore, we require D+(A2) < 2 for consistent reconstruc-
tion of yo(t). Next, Y3 (f) is bandlimited to [—1,2.5), thereby
requiring D+ (A1) < 2.5. However, DT (A1) = 2.5 is not al-
lowed for stability reasons because K (f) is arbitrarily small in
the vicinity of f = 1.5. Finally, the combined bandwidth of the
inputs is 4, so that DT (A1, As) < 4 is needed for consistency.

We now show that the densities D(A;) = D(Ag) = 2 for
sampling sets {A,} of uniform density. Let A; and A, be
defined as in Example 2. Let {c,,; } and {c,2} be I? sequences.
Then, the problem y2(An2) = c¢n2 clearly has a solution
y2 € B([0,2]). Now, the sequence d,, = [k(t) * z2(t)],_,
is square-summable because K (f) is a bounded function,
implying that

xl()\nl) = yl()\nl) - [k'(t) * wz(t)]t:)\nl = Cnl1 — dn

also has a solution 2y € B([—1, 1]). This proves that (dy, ds) =
(2,2) is achievable.

If A; and A5 have uniform densities of d; and ds, respec-
tively, the resulting outer bounds on the density regions for
stable sampling (Example 2) and consistent reconstruction
(Example 3) can be viewed as regions in R2. These regions are
illustrated in Fig. 4.

IV. PROOFS OF MAIN RESULTS

This section is devoted to the proofs of the results of Sec-
tion III. We begin with a review of background material on
frames and bases (cf. [23], [24]). Let H be a separable Hilbert
space equipped with an inner product (-, -).

Definition 5: A sequence {1, } C H is called a frame if there
exist A, B > 0 such that

Allz|® <~ (n, 2)* < Blla]? (28)

for all x € H. The constants A and B are called the lower and
upper frame bounds. If A = B, the frame is a tight frame.

The frame operator S : H — ‘H defined by

Sz = Z(x,q/;n)wn, Ve e H

n

1761

is a bounded linear operator satisfying AI < S < BI, where
is the identity operator. Let 1, = S~ '4),,. Then, {1/~1n} is also a
frame (the dual frame) for H with frame bounds B~ and A~L.
Any x € H can be expanded as

T=Y (2, 9n) e = > (@, ). (29)
Also, for any sequence {c,} € I2, we have
|3 catn C<BY el (30)

Definition 6: A sequence {1,,} C H is called a Riesz basis if
it is fully equivalent to an orthonormal basis for H, i.e., if there
exists a bounded invertible operator 7" and an orthonormal basis
{en} such that ¢,, = Te,.

A Riesz basis is a frame, and hence (29) and (30) hold. In
fact, if {1),, } is a Riesz basis, we can replace (30) by the stronger
condition

A feal? < | 3 cuthn

Conversely, if {1, } is a complete sequence in H, it is a Riesz
basis for H whenever (31) holds for finite sequences [23]. The
dual frame {v,, } of a Riesz basis {1/, } is also a Riesz basis for
‘H and is called the biorthogonal basis of {1, }.

Definition 7: A sequence {1,,} C H is called a Riesz—Fis-
cher sequence if the moment problem:

<xa'l/}n> = Cn

has a solution x € H for all {c,,} € 2. If {¢,,} is a Riesz—
Fischer sequence, there exists a solution x to (32) such that

2
<BY el (3D

(32)

1
2 210112
2] < —llell
for some a > 0 called the bound of the Riesz—Fischer sequence.

A necessary and sufficient condition for {¢,} to be a
Riesz—Fischer sequence with bound « is that

[ entha] 2 0 Y fenl?

for every finite sequence {c, }. Finally, note that the moment
problem in (32) has a unique solution if {1} is a complete
Riesz—Fischer sequence in H. Every Riesz basis is a Riesz—Fis-
cher sequence, but the converse is not true. However, if a
Riesz—Fischer sequence is also a frame, then it is a Riesz basis.
We use the notions of frames and Riesz—Fischer sequences in
our analysis in this section.

The space of input signals in the MIMO channel is the Hilbert
space

(33)

H = B(Fi) x --- x B(Fg) (34)
equipped with the inner product
R
(z,2) = / (D)t =Y / Ao dt (35)
R /R
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where z,z € H. The norm on H is ||z|| = \/(z,z). It is clear
that we can write y,(\np) = (x,0x,,%,) where ¢, € H is
given by

x(f € F.e. (36)

R
and e, is the rth standard basis vector.
Thus, (11) is equivalent to the condition that

{Ox,, %, :n€Z peP}

is a frame for . This implies that the channel inputs can be
reconstructed from the output samples using the dual frame as
the set of interpolating functions. Furthermore, any errors in the
sampled signal or its samples produce a controlled amount of
error in the reconstructed signals. The condition number for the
MIMO sampling scheme is K = /B/A > 1.

Next, Definition 3 implies that {A, : p € P} is a collection
of consistent reconstructions with respect to (G, H) if

{Ox,,%p:n€l pecP}

is a Riesz—Fischer sequence in H. Note that for any finite se-
quence {cp}

2
H E , Cnp@knp'/’p H
n,p

= max
xEBy

2
‘ Z Cnp<.’17, ®>\np¢p>‘
n,p
2
‘ Z Cnpyp()‘np)‘
n,p

where By, = {z € H : ||z|| < 1} is the unit ball in H. From
(33) and the above observation we conclude that

{Ox,,%p:nel peP}

is a Riesz—Fischer sequence in H if and only if

2
‘ Z CpYp(Anp)| 2 a Z |Cnp|2
n,p n,p

for every finite sequence {c,,}. This characterization (37) is
more convenient to use than Definition 3.

Finally, we point out that if a collection of discrete sets A, =
{Anp : n € Z}, p € P is a collection of both stable sampling
and consistent reconstruction, then {©y, %, : n € Z, p € P}
is a Riesz basis for H.

max
xEBy

max
xEBY

(37

A. Preliminary Results

Our aim is to prove necessary density conditions for
stable sampling and consistent reconstruction stated in Sec-
tion III. These results are analogous to Landau’s density
result for nonuniform sampling of multiband signals [15],
[16]. Grochenig and Razafinjatovo [17] provided a simpler
proof of Landau’s result for signals with spectral sets having
zero boundary measure. We extend their idea to prove our
density results for the MIMO problem. However, we drop the
restriction on the boundary measures.

We begin with a few relevant definitions. Let

My = (B(-6,0))%, >0
Hoo = (L2(R))"

be Hilbert spaces with inner product defined as in (35). The ele-
ments of H g are vectors whose components are bandlimited to
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the frequencies [—/3, §]. Let Ps : Ho, — S denote the orthog-
onal projection operator onto a closed subspace S C H

Definition 8: A subspace S C H, is called shift-invariant
if O,z € Sforalloc € R,z € S.

Evidently ‘H.. and ‘H are shift-invariant spaces. We write
z L Sif(x,2) = 0forall z € S. The following properties of a
closed shift-invariant subspace S C H ., can be verified easily.

Proposition 2: Supposethatz € Hg,o € R,andS C H is
a closed shift-invariant subspace. Then (a) x L. S = O,2x L
S, and (b) Ps®,x = O, Psz, i.e., translation commutes with
orthogonal projection onto S.

Proof: (a) Suppose that £ 1 S. Then (O,z,z)
(x,0_,2z) =0forallz € S,0 € Rbecause © _,z € S.Hence,
O,z L S. To prove (b), note that Ps®O,x — O, FPsz € S. For
an arbitrary z € S, we have

(PsO,z — ©,Psz,z) =(PsO,z,2) — (0,Psz, 2)
=(0,x, Psz) — (x, PsO_,2)
=(0,z,z) — (£,0_,2) = 0.

Thus, PsO,x = ©,Psx. O

The following theorem is a stronger version of the main re-
sult in [17]. This result allows us to compute necessary density
conditions for the stable MIMO sampling and consistent recon-
struction.

Theorem 4 (Comparison Theorem): Let Hg and Hj be
closed subspaces of Ho., and let X1,...,X¢g and Aq,...,Ap
be discrete subsets of R such that all D"’(A ) < o0. Suppose
that 81,...,8¢ and lq,...,lp are elements of M, such that

{@asq:ae Y, 0=1,...,Q} CHsg
is a Riesz—Fischer sequence in Hg, and that
{O\,: e, p=1,...,P} CHL

is a frame for H . Then

DE(Ay,...,Ap) > DE(2y, ..., Zan+ ) (38)
where
®q = 7 osélpq 19584 = Pr, ©084]|-

Furthermore, D (X,) < oo is automatically implied whenever
all g < 1.

Theorem 4 is proved in [22]. Note that Hy and Hg are ar-
bitrary subspaces in H ... However, the comparison theorem is
most useful when the spaces are nearly the same. In this case, the
coefficients c; would be small, thereby yielding the following
density bound:

D*(Ay1,...,Ap) > DE(D,...,5q) — ¢

where € > 0 is a small quantity representing the summation in
(38) involving the terms «y. By using an appropriate limiting
argument, we would need to show that € can be made arbitrarily
small. The import of this statement is roughly that a frame, being
an overcomplete sequence in a Hilbert space H, is denser (con-
tains more vectors) than a Riesz—Fischer sequence H.
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Note that Theorem 4 is very general, involving arbitrary
signal spaces, and can potentially be used for proving necessary
density conditions for sampling problems in other spaces such
as wavelet or spline spaces. We use this theorem in the next
section, where we derive necessary density conditions for the
MIMO sampling problem. Finally, we state a useful result
proved in [22].

Lemma 1: Let h € B([v1,12]). Then

O sup |h(r)|

[T—t|<1

satisfies h#* € L2(R) and ||h#]|?> < C||h||? for some C =
C(vy — v1) > 0 that depends only on the difference (12 — v4).
Moreover, if A = {\,, : n € Z} C R is a discrete set with
DT (A) < oo, then

> powpzc |
An—o|>T [t—o|>0—1
forallo € R, I" > 0, and some C’

Z [h(A

ne”z

(W#(O)Pdt  (39)

= C'(A) > 0. In particular
n)[? < OOl

Lemma 1 says that the samples of a unit-energy bandlimited
signal on a sampling set of finite upper density cannot have ar-
bitrarily large energy.

B. Proof of Theorem 1

Let II C P be a fixed subset. Consider two cases: first sup-
pose that IT # P and (18) holds. Then, we define

K = max C'(A,)C(1) (40)
p€ell®

where C’ and C are quantities defined in Lemma 1. Let g > 0

be such that Ke§ < A/2, where A is the lower stability bound

in (11). Since (18) is satisfied, there exists a set Dy such that

#(Dy) > 0 and

Omin (GH’,Cf (f)) S €0,

Without loss of generality, assume that Dy C [v, v+ 1] for some
v € R. In the second case (either IT = P or (18) does not hold),
we take Dy = (). Thus, (41) is satisfied in both cases. Let the
cardinality of the set C; be denoted by |C¢|, i.e.,

R
> x(feF).

r=1
Let the dimension of the null space of G- ¢, (f) be denoted by
p(f) = [Cs| = rank(G- c, () (43)

and let the columns of U’ ( f) € C!¢71*2(/) form an orthonormal
basis for this space. For f € Do, let U"(f) € Cl¢I*1 be
a unit-norm right singular vector of Gr- ¢, (f) corresponding
to its smallest nonzero singular value. We can always choose
U'(f) and U”(f) to be measurable functions. Clearly, U"( f)
is orthogonal to the columns of U’ (f) for f € Dy. Therefore,

w [ [U() U], ifeD
uir) = {I[]’(f)7 ] otherwisg

Vf e Dy. (41)

Crl = (42)
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has orthonormal columns for all f. Let G,. be the set where U( )
contains r columns, i.e.,

Gr ={f:p(f) + x(f € Do) =},

The sets {G,.} are clearly disjoint sets of finite measure. There-
fore, for any § > 0, there exists a finite collection of disjoint
intervals {Z,, : r € R, k = 1,..., K,.} such that the sets

K,
; def
gr = U Irk;
k=1

approximate G, in the sense that u(G. N G¢) < §/R? and
w(GL°NG,.) < §/R?. Tt follows that

ng’mg Z_<5

r=1

It is also clear that |p(G") — 1u(G,)| < §/R?. Consequently

reR.  (44)

reR

(45)

(46)

R R
> ru(Gr) = ruld (47)
r=1 r=1

Now, define W7 (f) € C*" on G/, for each r as follows:

ripy = J Lo U if feg.ng,
W(f)—{(el,...7eT), itfegnge W

where I is the R x R identity matrix. Note that the columns of
W (f) form an orthonormal set of vectors for each f € G... For
each r € R, let k and m be indexes such that 1 < k < K, and
1 < m < r. For convenience, let ¢(r, k,m) denote an invertible
mapping from the triplet (7, k, m) to a single index ¢

q:{(r,k,m):reR, k=1,...,
Q} and

R
Q= ZTKT.
r=1

In the rest of the proof, assume that ¢, r, k, and m are related
to each other by ¢ = ¢q(r, k, m). We shall now define several
quantities with the intention of finally using Theorem 4 to derive
the necessary density conditions. Let {s,} C Hoo be defined in
terms of their Fourier transforms as follows:

S,(f) = {SVC NIV, if f €T

otherwise
where W . (f) is the mth column of W (f). The sampling set

def n
" ezt
! {M(Irk) }

has uniform density of 1(Z,). Since the intervals Z,.;, are dis-
joint and {W7¢ ,.(f) : m = 1,...,7} is a set of orthonormal
vectors for each r and f, it follows that

(6

where Q = {1,...,

(49)

Yme{l,...,r} (50)

‘sq:qEQ?neZ}

Ong

is an orthonormal sequence. Let H g be the closure of the span
of this sequence

Hs =span{O,, 8,:q € Q, n€Z} C Hy (1)
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Then {O,, 8, : ¢ € Q, n € Z} is an orthonormal Riesz basis
for Hs with lower frame bound a 1. In particular, it is a
Riesz—Fischer sequence with bound a = 1.

Now define

Hy ={zeH:Xc,(f)

=U(HU" ()X, (f) ae}. (52)

Clearly, Hy, is a shift-invariant subspace. To see that Hy, is
closed, consider the following argument. Let {z'} € Hy be
a sequence converging to £°° € H,. Then

Xe, (f) = UHUR(FXE,(f) ae.

and X'(f) converges to X>°(f) in the L? sense. Hence, there
exists a subsequence {i;} such that X% (f) — X°°(f) a.e. as
7 — oo. Therefore,

U(HUH(F)XE (f)

lim U(HUH(1)XE, (1)
— X2 (f) ac

or, equivalently, £, € Hy, proving that Hy, is closed.
Suppose that £ € H . Then, using (10) and (52) we see that

Yn-(f) =Gnec,(f)Xc,(f)
=Grnec,(NUNHUH () Xe, (f)-
Next, using the definitions of U(f) and U”( f), we obtain

Yn(f) =0, f ¢ Do (53)
Y1 ()l = 1Gne.c, (U (HU" ™ ()X, ()
<eol| XNl f € Dy. (54)

Equations (53) and (54) imply that |Y 11 (f)]| < eo| X (f)]| for
all f. Hence,

/R Ve (IPAf < 2l 55)

Equation (53) states that Y,,(f) is supported on Dy C [v,v + 1]
for each p € II°. Applying Lemma 1 to y,, p € II and using
(55) we get

> Yl < K [ IYe(pIP < Kelal?
p€llc nezZ
(56)

where K is the constant defined in (40). Combining (56) with
the first inequality in the sampling stability condition in (11),
we obtain

SO lwpnp)l? 2

pellnezZ

(A — Kep)|lell®

A
> §||z||27 Ve eHr  (57)
where the second inequality in (57) follows from the choice of

€o. From (11), we obviously also have

DD I < Bllal’,  VzeH,  (58)
pellnez
because H;, C H. Equations (57) and (58) yield
A
Shel? < 2>l (ap)l® < Bllall?, Vo € M. (59)

pellnez
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Letl, = Py, 1,, where 9, is defined in (36). Since H, is
shift-invariant, we obtain the following using Proposition 2:

G)Anplp - ®AinHL¢p = PHLG)Anp"pP € HL' (60)
Also,
(@,0x,,b) =(x Pr,Ox,,¥p)
- <x7 ®>\np"/)p> = Up(/\np)7 Vx € HL. (61)

From (59)—(61) we conclude that {© I, : p € 1I, n € Z}
is a frame for Hy . Having verified all the required hypotheses,
we can now apply Theorem 4 to obtain the following inequality
relating the densities of {A,, : p € I} and {3, : ¢ € Q}:

Z an"'

D=({Ay:p e ll}) =2 D™ (3%

(62)
where

\/_

Since H, is shift-invariant, we use Proposition 2 to obtain

ag = sup ||©,8, —

n'eq

PHL®asq||~

1
=— 0,8, —0,Py, 8
Qg \/E::é)q 10,8, o Pr, 84|
1
= ﬁ”sq = Py 84l = [18g — Pre, 84l

where the last equality holds because a = 1. In order to estimate
oy, we define v, € H as follows:
itfeZrng,

— S(I(f)7
Va(f) = { 0, otherwise.

For all f € Z,.r N G, we use (48), (49), and (63) to conclude
that

(63)

UNUH (f)Usm(f)
UHUR(NHV(f) = :
(NUZ(HV4(F) JuTn)
_Uem(f) _
) a(f)-
This proves that v, € Hy,. Therefore, oy < ||8, — v,]|. Using
Parseval’s theorem, (49), and (63) we obtain
o <( [ 18,00 -V, df)
r 2 %
([ Faetnryy
JT,.nGe (Zrk)
Since W7, ,,,(f) is a vector of unit norm, we have
ay < N(Irk N g;) (64)

/L(I'rk)
Combining (62) and (64) and using the fact that D(X,)

,u'(Irk) we obtain
UEIED WERED WEVERS
r,m,k
Z

- Z i@k 0 G(T o).
rk




VENKATARAMANI AND BRESLER: MIMO SAMPLING: NECESSARY DENSITY CONDITIONS

Using the Cauchy—Schwarz inequality, we obtain
D=({Ap :p e 11})

> Zru(g )—(Z ri(Zre N Gy) ) (Z 1Lk )
v vk
S (i) (i)' o

Now, (46) (47), and (66) imply that
D= ({Ay:pel}) > [ Y ru(G)] -

_ [5 (5 +3 m(gr))} : (67)

Meanwhile, using (42)—(44), and the definition of the Lebesgue
integral, we obtain

> ru(Gy) = /R [p(f) + x(f € Do)]df

(65)

[N

— (Do) + /R [1C5| - rank(Grre.c, (1)) df

= (Do) + >l Fr) - | /R rank (G ¢, (f))df.

(68)

Putting together (67) and (68), and letting § — 0 yields
R

D™ ({7, :p € II}) > u(Do) + ) u(F,

r=1

— /R rank(GHpvcf (f))df

This proves (17). Finally, recall that if (18) holds and II # P,
then (D) > 0. Thus, the inequality in (17) is strict in this
case. O

C. Proof of Theorem 2

Suppose that (22) fails to hold. Then, some entry of
G+ ¢, (f) is necessarily unbounded on F. So, let p, € IIT
and r, € R be indexes such that for every ¢ > 0 there exists

g g ‘7:"'0 N {f : |GpoyTo(f)|2 Z 1/6}
satisfying 0 < u(G) < oo. Let {Zy : k= 1,..., K} be a finite
collection of disjoint intervals such that

K
G = U Iy
k=1
satisfies (G’ N G¢) < § and u(G’° N G) < &, where § =
ei(G)/ (1 + €). Therefore, u(G') > u(G) — 6. Now at least one
interval Z;, must satisfy
1(Zk N G°)

w(Zy)
Otherwise, we would have

ZHIkﬁQ

> Zeu(fk) = ul(@) > e(u(G) — §) = 6
k=1

violating our assumption that 4(G’' N G¢) < 6. So, let Z, denote
an interval that satisfies (69). Define v = 1/(2u(Z)). Since

<e (69)

u(G' N Ge)
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D*(A,,) > 0, by Proposition 1 and (2), there exists 7 € R
such that

#(Ap, N By(7)) > 29(D*(A,)/2). (70)
Define
_jonfr .
X, (f) = { 87 /Gpo,ro (f)s i}{efwikeﬁ g
and X,.(f) = 0 for all » # r,. Then, we clearly have
21> < en(Zi). (71)
Using (10), we conclude that
Yo, (f) =e 2 Tx(f € TN G)
= e I27fT IX(f €Ti) — x(f € TN GY)]
whose inverse Fourier transform is
Ypo (1) = p(Ti)sine(u(Zy)(t — 7)) e 72l
—¢1,.nge (t —T), teR (72)

where sinc(t) = sin(nt)/(nt) and fy is the midpoint of Zj.
Note that

sup |pz,nge (B)] < 1u(Ze N G°) < ep(Zy).
T)), (72) and

(73)

Then, for all ¢ such that [t — 7| < v = 1/(2u(
(73) imply that

|Yp, (1) = p(Zk)(sinc(1/2) —€).
Using (70) and (74), we obtain

Z Z |yp()‘np)|2 2 Z Y. (Anp, ) 2

p=1lne”Z nez
> Y WP
XEA, N, (7)
DH(A )
2 %27 [11(Zk) (sinc(1/2) — €)] 2

= L4, @) ne1/2) -

Combining this result with (71), we obtain

P
S S )l > 5D (A, [sine(1/2) —
p=1nezZ
Since € > 0 is arbitrary and & € H is nonzero, the above obser-
vation violates the second inequality of the stability condition
(11), proving the necessity of (22). O

(74)

D. Proof of Theorem 3
First note that the consistency condition implies that
{Ox,,¥p:p€EP, nEL} (75)
is a Riesz—Fischer sequence in H, where 4, is defined in (36).
Let IT C P be a fixed subset. Consider the following two cases.
First suppose that IT # (), DT (A,) < oo forall p € II # (), and
that (24) holds. Then, we can define

K =maxC’'(A,)C(1) < oo (76)
pell

where C’ and C' are quantities defined in Lemma 1. Since (24)
holds, we can find a set Dy such that u(Dy) > 0, and
omin (Gre, (f)) < €0, Vf €Dy 77

where ¢y > 0 is such that Ke% < a/4 and a is the bound
for the Riesz—Fischer sequence in (75). Assume without loss of
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generality that Dy C [v,v + 1] for some v € R. In the second
case (either IT = () or D*(A,) = oo for some p € II, or (24)
does not hold), take Dy = 0. Thus, (77) is satisfied in both cases.
Let the rank of Gf{ ¢, (f) be denoted by

p(f) = rank (G, (f)) (78)
and let the columns of U(f) € CI¢s1*#(/) form an orthonormal
basis for the range space of Gg,cf (f)- Note that p(f) is defined
differently from p(f) in the proof of Theorem 1. For f € D,,
let U”(f) € C!¢!*! be a unit-norm right singular vector of
Gric, () corresponding to its smallest nonzero singular value.
There is no loss of generality in assuming that the first column
of U'(f) equals U”(f) for all f € Dy. Hence, for f € Dy, we
can write

U'(f)=[U"(f) U]

for some U(f). For f ¢ Dy, letU(f) = U'(f). The columns of
U(f) are clearly orthonormal. Note that U’(f) and U”(f) can
be assumed to be measurable functions. The matrix U( f) has r
columns for f € G,., where

Gr={f:p(f)—x(f€Do)=r}, reR. (19
Each G, has finite measure. Since the sets {G,.} are disjoint, we
can find, as in the proof of Theorem 1, a collection of disjoint
intervals {Z,, : r € R, k= 1,..., K, } and sets G. as in (45)
such that (46) and (47) hold. In the rest of the proof, assume
that ¢ = ¢(r, k, m) for some invertible index-mapping as in the
proof of Theorem 1.

Define W (f) € Cf*", 8,(f), and X, exactly as in (48)-
(50), respectively. Also let H s be the closed subspace of H, de-
fined as in (51). Using arguments similar to those in Theorem 1,
we see that

{05,,80:9€ Q, nel}

Ong

is an orthonormal Riesz basis for Hg. In particular, it is a frame
for Hg. It is also easy to verify that Hg is a shift-invariant sub-
space of Heo

Now, {O,,%, : p € I, n € Z}, being a subcollection of
the set in (75), is also a Riesz—Fischer sequence in H. Let {cy,, },
p € 11 be some finite sequences. Then, (37) implies that

Inax ‘ chpyp np ‘ > az |Cnpl?

Let 2° € By be the maximizer of the left hand side of (80),
and Y°(f) = G(f)X°(f), its corresponding MIMO channel

output. Then
‘ > enpyp(Anp)
n,p

Next, the subspace
Hr ={zeH:Xc,(f) =UHU"(f)Xc,(f) ae} (82)
is closed and shift-invariant by the same argument as in the proof
of Theorem 1. Note that
X(f) = Toc, UHUT())Ic; o X(f) (83)
is an equivalent way of stating that £ € H, because X¢, (f)

contains all the nonzero elements of X (f) for every £ € H.
Define ' € H as follows:

Xe,(f) =UNOU"(HXE,(f).

(80)

> Valcl. (81)
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Evidently 2’ € Hy, and ||z’|| <1 because U( f) has orthonormal
columns. LetY' (/) =G(/)X'(f) and Y"(f)=Y°(/)-Y'(f),
and recall that, for all f ¢ Dy, we have U(f) = U’(f). Hence,
using the definition of U’( f), we conclude that

Y14(f) =Gue, (H[XE,(F) =~ U (HUT (XL, (f)]

=0, VfeD,. (84)

For f € Dy, we have
UHU" () =0 HU™ () = U"(HU" ().
Hence,
1YL =11Guc, (f)[X2,(f) = UNHU(HXE, (H]Il

=[1Grc, (NU"(HU"™ (HXE, (1)l

geg||X8f(f)||, Vf € Dy. (85)
Combining (84) and (85), and using ||z°|| < 1, we obtain

7 62, if ll,( D, ) >0
Livaoear<{ P20 o

Recall that Y,'( f) is supported on Dy C [v, v+ 1] forall p € II.
Also, 11(Dy) > 0 implies that D*(A,) < oo. Thus, we invoke
Lemma 1 to get

PP AC

pellnez

where K is the constant defined in (76). However, if ;1(Dg) =
0, then Y{;(f) = 0 from (86), and hence (87) holds trivially.
In other words, (87) always holds. Using this and the Cauchy—
Schwarz inequality, we conclude that

203 cunty )| < VEeolel

pellnezZ

)2 < Ké2 (87)

(88)

nP

Recall that ¢ is chosen so that K 6(2) < a/4. Thus, combining
(81) and (88) and noting that y,, = y, — v, we obtain

|5 et hun)| = (V= VRea) el = X2

7”0”-
pellnez

Since the quantities {y,,} are the channel outputs corresponding
to an input £’ € H, satisfying ||’|| < 1, we have

‘ Z Z Cnpi’Jp(/\np)‘2 2

pellneZ

max 2||c||2.

$€BHL

(89)

Define I, = Py, %,. Since Hy, is shift-invariant, we obtain
Ox,,lp € Hr and y,(Anp) = (x,0,,,1,) using the same ar-

gument as in (60) and (61). Therefore, (89) implies that

(P > 2lef?

pellneZ

for all finite sequences {c,,;, }, p € II. Using (33), we conclude
that {©y, 1, : p € II, n € Z} is a Riesz-Fischer sequence in
‘H, with bound a/4.

To avoid confusion, we point out that the quantities associated
with the frame are Hg, 3y, 8, etc., while those associated with
the Riesz—Fischer sequence are Hp,, A, 1,,, etc. This is opposite
from the convention adopted in the proof of Theorem 1. In order
to estimate the coefficients

4
a, = \/jASélp 1©l,

— Py Oi, ||
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of Theorem 4, we define v, € H for p € II as follows:

if f € G.NG,, for some r

0, otherwise. ©0)

Since 1, € Hr, (83) implies that
L,(f) =L c, UNU(f)Ic, oLy(f).

Therefore, whenever f € G/ N G,., we have

Vp(f) :Io,CfU(.f)UH(f)ICf,OLP(f)

=Y Lic,Uen(H)UL(HIc,oLy(f)].

Combining this result with (45), (49), we can express V,(f) as

D=5 S Vi@8,()

r=1k=1m=1
X [UH (e, oLp(f)]x(fE€G:), fER

Since [UH, (f)Ic, oLy(f)] is square-integrable and Hsg is
shift-invarfant, the time-domain expression for v, is obtained
by first convolving each s, with a square-integrable function
and then adding them together. Thus, v, € Hs, and using
Proposition 2 we obtain

4
ap :\/j sup [|©al, — Py 011, ||

XEA,

||l1’_PHslp” < ||lp_'vp||-

B ﬁ ﬁ
Using Parseval’s theorem and (90), we obtain the following es-
timate for a,:

%_i< [ 1m0 - Vi)

(Z [, 1l “ar)

This quantity can be made arbitrarily small for sufficiently small
8, because each Ly (f) is square-integrable, and ;i (G, N GF) <
5/ R2. Hence, for any € > 0 and sufficiently small § > 0, we
can guarantee that oy, < e. Applying Theorem 4, we obtain
DT (A,) < oo forp € II and

Z ap DT (Ap)

pell
O
Using the estimate for a;, and the fact that 3, has a uniform
density of y(Z,) in (91), we obtain

DH({A, p el < 3 u(T) +e 3 DHA

[T

D+(217---7EQ) > D+({Ap tp € Il}) —

r,n,k pell
R
=Y ru(G) +e)y DF(A)
r=1 pell

92)
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Next, (78), (79), and the definition of the Lebesgue integral yield

R
Z ru(G,) =

r=1

/g [0(f) — x(f € Do) df

- /R rank(Grc, () df — u(Do).  (93)

Combining (92) and (93), and letting §, ¢ — 0, we obtain
T({A, pell}) < / rank (G, (f))df — u(Do).
JR

This proves (23). We have already demonstrated that D1 (A,) <
oo. Therefore, if (24) holds and IT # ), we have u(Dy) > 0,
implying that the inequality in (23) is strict. O

V. SUMMARY

We formulated the MIMO sampling scheme, and defined
stable sampling and consistent reconstruction. These are gen-
eralizations of stable sampling and interpolation for classical
sampling. We also introduced notions of upper and lower
sampling densities applicable to collections of sampling sets.
We derived necessary density conditions for stable sampling
and consistent reconstruction in the MIMO setting. For stable
sampling, we find that a family of 2 — 1 bounds hold—a
lower bound on the joint lower density of each nonempty set
of P output sampling sets. Similarly, we find that a family of
2P _ 1 bounds hold for the consistency problem which are
upper bounds on the joint upper densities of the sampling sets.
These bounds generalize Landau’s necessary density results
for classical sampling. Since the MIMO sampling scheme is
extremely general, and encompasses various sampling schemes
such as Papoulis’ generalized sampling, and multicoset or pe-
riodic nonuniform sampling as special cases, we automatically
have necessary conditions for all these sampling schemes as
well.
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